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PREFACE. 



The Courses of Mathematics generally used, while insuf- 
ficient to give the student a thorough knowledge of each 
department, are yet too difficult for beginners. There is, 
perhaps, no compilation of that character, which can be 
said to be in every part rudimentary. We have, for 
instance. Arithmetic of Sines, the modes of computing 
Logarithms,* and other compmi^tively abstruse subjects, 
included in treatises designed for beginners, — forming a 
serious impediment to their progress, and to the attain- 
ment of knowledge much more useftd to them. At the 
same time, in none of such works will the student obtain 
information sufficient to carry him to the full extent of 
any one subject. To attempt, indeed, to give such an 
amount of matter in the compass of a single volume, is to 
aim at an impossibility. 

There are two distinct objects for which an elementary 
course of Mathematics may be required in schools : — one^ 
to supply all that is wanted by the great majority of scho- 
lars, by those who study the subject merely as one branch 
of a general education ; and t^ other, to serve as an intro- 

* Not the modes of computiiig by Logarithms — which belong, properly^ to an 
elementary work— but the rules for the calculation of the tables themselves^ 
with which a beginner has nothing whatever to do. 
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ductory work to those who are likely, from taste or profes- 
sional requirements, to devote themselves peculiarly to the 
study. These objects are, happily, quite compatible with 
each other, and both may be answered by the same kind 
of compilation. It is equally desirable for both, that the 
manual employed should contain nothing that is intricate. 
For the one class of learners, such matter is not required 
at all ; and for the other, it ought to be reserved to a sub- 
sequent stage of their progress. When introduced into an 
elementary work, it is not only useless, but a positive ob- 
struction : the teacher has great difficulty in separating it 
from the more useful matter ; and, when it is not so separ- 
ated, the pupil finds himself embarrassed with subjects 
beyond his comprehension, and becomes dissatisfied with 
the study altogether. It is possible, no doubt, by a dis- 
tinction of type, and a very careful arrangement, to make 
the same volumes serve both for beginners and for the 
more advanced. This object has been effected in the 
Author's Treatises on "Practical Geometry and Mensu- 
ration," and on "Logarithms and Plane Trigonometry." 
But a complete course on such a system would be too vo- 
luminous and expensive for the greater number of learners, 
and contain much that they would never require. 

Another alternative is an easy course for general use, 
and also for the first practice of those who may intend ulti- 
mately to advance further. In the case of the latter, an objec- 
tion might be made to commencing with one text-book, and 
finishing with another, unless both proceeded on the same 
system, — unless, in fact, the work subsequently used could 
be made to harmonise exactly with that which served for 
an introduction. That, then, is precisely the desideratum 
which is proposed to be supplied by means of this volume,* 

* Including the Parts subsequently to appear. 
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in coDJanction with those alluded to above, — as far, at 
least, as the extent of the subjects which the latter com* 
prehend. Under the heads mentioned, the material of this 
volume will be, as nearly as possible, identical with the 
first course of the more extended treatises, so that the 
student may pass easily from the one to the other.* In 
Algebra, indeed, the Author's plan is not complete, and is 
not intended to be completed. In that department it is 
not necessary. We ahready possess many excellent books 
on the subject for advanced students; and the methods 
employed in the first stages are so much alike, that it is 
easy to pass from this to any one of the more compre- 
hensive works. 

In order to limit the size and price of this volume to 
those of an ordinary school-book, without injudicious con- 
densation and smallness of type, it is needless to say that 
it has been found necessary merely to give the practice, 
leaving theory to the explanations of the teacher, where 
he may think elucidation usefrd, and to the intelligence of 
the pupil. Independently of the reason just assigned, this 
is perhaps no evil in a work intended for beginners. In 
Greometry, practice should, to a certain extent, precede 
theory. To place Euclid before a pupil who has never 
handled a pair of compasses, is as likely to stultify as to 
enlighten him. Algebra, in its ordinary processes, usually 
carries its own demonstrations with it, or merely requires 
a hint for their development : its rules are often self-sup- 
ported; and, in other cases, nearly so. In all depart- 

* When the pupil is decidedly intended to acquire more than an elementary 
knowledge of BiathematicSi it is no doubt better at once to commence with the 
Author's larger volumes, on the heads mentioned ; and it is probably preferable 
to do so in every case in which the slight difibrence of expense, or the size of 
the volumes, is not objected to. The publication of this in separate parts 
will leave it perfectly open to pursue either plan, and that either wholly or 
partially. 
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ments, a vivd-voce explanation is more readily understood 
by the young than a written one, and can be modified bj 
the teacher to suit the yarious degrees of capacity. In 
fact, theoretical explanations in elementary works are sel- 
dom read except by the teacher. Far be it from the 
writer of this to decry theory. Without it, no great ad- 
vancement can be made in any science — and least of all, 
perhaps, in Mathematics ; but it is not necessary that ^e 
attainment of any science should be begun by theory ; and 
it is still less necessary that, for the t/oungy theoretical ex- 
planation should always be perfect demonstration, and in 
print. Much may be done towards demonstration by mere 
arrangement. Half the demonstration is accomplished, 
when the rules are arranged in that order in which they 
naturally flow from each other. 

The Author would recommend to the teacher the fol- 
lowing plan for every student of Mathematics, whether 
his object be to acquire a merely elementary knowledge of 
the subject, or to pursue it to a greater extent. Let him 
commence with an easy practical course^ the teacher pointing 
out the Theory as he sees proper, — sometimes by mere 
hints, sometimes by familiar illustrations, sometimes by 
rigid demonstration. It is not by any means necessary, 
that the scholar should finish the practical course before 
commencing the theoretical. On the contrary, it will be 
much better, when he has advanced a short way with the 
former (when he has finished Practical Geometry, for in- 
stance, in this course), to commence Euclid's Elements, or 
any similar work, and to go on with the two together. If 
he uses this volume, and is inclined, when he has finished 
it, to extend his knowledge of Practical Mathematics, let 
him then take up the Author's more difiuse Treatises, in 
which he will find all that he has acquired, carefully dis- 
tinguished from that which still lies before him, and the 
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latter harmonismg in system and arrangement with the 
former. 

There wiU probably be a difference of opinion among 
teachers regardiag the order in which the different sub- 
jects in this volume should be studied. Some will prefer 
commencing with Practical Geometry and Mensuration, 
leaving Algebra to a later stage, as a more difficult and 
less generally useM subject. There is good ground for 
that preference ; and it would have been adopted in the 
arrangement of this volume, had it not been that a know- 
ledge of the signs and modes of expression used in Alge- 
bra is necessary to understanding the formulae used in 
Mensuration. Nothing more of Algebra, however, is re- 
quired, for that purpose, than the definitions, and some 
parts, perhaps, of the five chapters which immediately 
follow them. The teacher may, therefore, if he think 
proper, commence with the first six chapters of Algebra, 
— ^ihen Practical Geometry and Mensuration, — ^next the 
remainder of the Algebra, followed by Logarithms, Plane 
Trigonometry, and the remaining subjects ; or, if he pre- 
fer, he may complete the department of Algebra, before 
commencing the others. 

Edinbcroh, \ti OclUibw 1850. 
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CHAPTEE L 

DEFINITIONS AND EXPLANATIONS. 

1. While Arithmetic represents numbers by figures, 
Algebra represents them by letters. 

2. While the figures of Arithmetic represent only par- 
ticular numbers (each figure, or combination of figures, 
denoting one number only), the letters of Algebra may 
xepresent any numbers, or classes of numbers. Algebra is, 
therefore, sometimes called Universal Arithmetk, 

3. The letters of Algebra represent not merely numbers 
but also quantities. Hie quantities, however, when sub- 
jected to Algebraical processes, are regarded as numbers, 
some other quantity being taken as the unit ; and even 
when the letters represent numbers, they are often called 
by the general name of Qiuintities, The words Number 
and Quantity^ in the language of Algebra, are therefore 
synonymous. 

4. While the figures of Arithmetic represent only known 
numbers, those of Algebra sometimes represent numbers 
not known. The letters at the commencement of the Al- 
phabet are used to denote known numbers, as a, d, c; 
those at its close, to denote numbers unknown, B&x^y^ z, 

5. Both Arithmetic and Algebra employ signs to con- 
nect the numbers, and to express the operations to which 
they are subjected, but Algebra employs such signs much 
more extensively. 

6. + (named plus) is the sign of addition. Thus, 3 + 2 
means 3 added to 2, or 5. 

7. — {minus) is tiie sign of subtraction, and means that 
the quantity following the sign is to be taken from that 
which precedes it. Thus, 5—2 means 2 taken from 5, 
or 3. 
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8. When the sign + is prefixed to any number, and no 
other number stands before it to which it can be added 
(as + 7), the number to which the sign is prefixed is called 
a Positive Number. When the sign — is similarly placed, 
as ( — 7), the number to which it is prefixed is (along with 
the sign), called a Negative Number; that is, — a numberless 
than nothing. Even when such numbers or quantities are 
connected with other numbers by their signs, they may 
still be considered by themselves without reference to such 
other numbers, and then also described as positive or 
negative numbers. 

All actual numbers, such as we usually speak of, and 
subject to the ordinary operations of Arithmetic, are posi- 
tive numbers ; but we cannot form an idea of negative 
numbers, unless relatively to positive numbers, of which 
they are the opposite. Thus, if + 5 mean 5 Founds of 
property, then — 5 will mean 5 Pounds of debt ; if + 3 is 
used for 3 feet of height, then —3 stands for 3 feet of 
depth. When a number stands without either of these two 
signs, it is understood to be positive. 

9. The signs + and — themselves are named Positive 
and Negative Signs. 

10. =b (phis or minus) indicates that the second quantity 
is either to be added to, or subtracted from, the first. 

Exercise. What is the amount of each of the follow- 
ing expressions? 7 + 5; 3 + 4 + 6; 6 + 4 + 3; 7-5; 
8 + 9-15; 8-15 + 9; 5-7; 10 ±2. 

11. X (iiUo) is the sign of multiplication. Thus, 3x2 
means 3 times 2, or twice 3, or 6. Instead of this sign we 
often employ a point, as 3.2 ; or, when letters are used, or 
figures and letters c(mjointly, we simply write them to- 
gether, as ab, or 7bc, 

12. -T- (by) is the sign of division, the dividend preced- 
ing it, and the divisor following. Thus, 21 -r- 3 means 21 
divided by 3, — that is, 7. The same thing is more fre- 
quently expressed by writing the divisor below the dividend 

in the fonn of a fraction, a. ^- 

Exercise. What is the simple value of each of the 
following expressions ? 7x9; 9x7; 5x8x2; 8.5.2 ; 

8-2; ~; 5^^ ; and 9.5-3. 

Exercise. If the letter a denote 10 ; d, 6 ; c 2 ; c^ 1 ; 
and e, 0, what are the values of the following expres- 

2 
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sions ? b-\-c; b — c; bzkc ; a — e; a-\-b-\-c-^d-\-e; 

a—b-hc—d; ax b; b.c; ahc; oac; abcde; a-i-c; - ; - ; 

c c 

a-\-b a—b , ac—2d 
; ; and 

c c b 

13. = {equal to) is the sign of equality. Thus, 5 + 3 = 8, 
10 - 2 = 5. 

14. : : : : is the sign of proportion. Thus, a:b::c\d^ 
is read, As a is to i, so is c to d* 

15. The sign .*. signifies therefore^ and *.* signifies because. 

16. When a number is the product of two or more num- 
bers multiplied together, the latter numbers are called the 
Factors of the former. Thus, 7 and 3 are the factors of 
the number 21 ; a, d, and c are the factors of the quantity 
abc. 

Exercise. What are the factors of the number 30 ? 

17. K prime Number ^ ov prime Factor, is that which can- 
not be resolved into other factors ; as 2, 7, a, or a; + y. 

18. When the first of two or more factors is a figure, 
and the others letters, as lab, the figure is called the Co- 
effidemi of the letters. When no co-efficient is expressed, 
it is understood to be 1. Sometimes, also, a letter is taken 
as a co-efficient, especially when that letter represents a 
known number, and the letter, to which it is attached, an 
unknown number. Thus, in the expression ma, m may be 
regarded as the co-efficient of x, 

19. When all the factors are alike, as ccc, the product is 
called a Power of the single factor, and the latter is called 
a Boot of the former. Thus, bbbb is a power of b, and d is 
a root of ddd. Thus, also, 27 is a power of 3, and 3 is a 
root of 27 ; for 27 = 3.3.3. 

20. The number of equal factors is called the Exponent 
or Index of the power or root, and by that number the 
power or root is described. Thus, 16 is called the fourth 
power of 2 ; and 2 the fourth root of 16, the index being 
4 ; for 16 = 2.2.2.2. Thus, also, bbbbb is the fifth power 
of b, and the latter is the fifth root of the former, the index 
being 5. 

21. The Square of any number is its second power, and 
the Cvbe is its third power. In like manner the Square 
Root and the Cube Boot are the second and third roots. 

22. Any power of a number is expressed briefly Vrj 

• Blany of these definitions belong to Arithmetic «& ^eW «a V> K\%^>w«.\ XjwX^^t 
it neeessorj to gire a synopsis of the whole. 

3 
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writing the exponent over the number, as, 4^, a^, — mean* 
ing the second power of 4, and the sixth power of a. 
When no exponent is expressed, it is understood to be 1, 
any number being its own first power. 

23. A root is expressed by prefixing the Radical Sign, 
\/> with the exponent over it, as, li/n^ — ^meaning the ftftti 
root of n. When the radical sign occurs without an ex- 
ponent expressed, the square root is meant, as, V9 = 3. 

Exercise. What are the values of 122, 58^ 2*, ^64, 

V27, V16 ? 

24. Any single quantity, as, a, or the combination of 
any number of quantities, by multiplication or division, as^ 

i X c, or, 2aJc, or, --^ is called a Single Term, 

cd 

25. Like Terms are those made up of the same letters 
similarly combined, although their co-efiicients may differ. 

Thus, 3a and 7a are like terms ; -, 2-, and 7-, are also 

c c c 

like terms. 

26. Unlike Terms are those made up of different letters, 
or of the same letters so combined as to give different 

values. Thus, a, K ab, -, and -, are all unlike terms ; but 

a 

ah and ba are not unlike, for their values are necessarily 

the same. 

27. A Simple Quantity is that which consists of a single 
term, as \/Zxy, 

28. A Compowfid Quantity consists of two or more terms 
connected together by the signs + or — ; as, a + J — c. 

29. If a compound quantity consist of only two terms, 
it is called a Binomial ; as, 2; — y. 

30. Terms following each other, and changing accord- 
ing to any given law, are called a Series; as, 2, 3, 4. 
When the series has no termination it is called an Infinite 
Series; as, 2, 4, 8, 16, 32, &c., ad infinitum. 

31. A parenthesis or line, connecting the terms of a 

compound quantity, is called a Vrnculum; as, m-\-n, or, 

(a 4- ft — c), or, ■< — _ J- 5- . It indicates that the compound 

quantity so enclosed is to be taken as a whole, and no 
regard paid to the separate terms of which it consists. 

32. The vinculum is sometimes required to connect not 
only the different parts of a compound quantity, but also 
the component parts of the same term, when these parts 

4 
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are separated by the sign of multiplicati<Mi or of division, 
and jet all affected by one exponent of a power, or one 

radical sign ; as, (21 -r 7)^ or, /Jy-x^ - )• When a term 

is made up of several simple factors written together, with- 
out the sign of multiplication interposed, a vinculum is not 
required to bring the whole term under the influence of the 
same radical sign ; but it is required to bring them under 
the influence of one exponent of a power. Thus we say, 
^xt/, ]^2ab, and (2a6/, when the radical sign and exponent 
affect the whole term, xy or 2ab. But if these signs are 
applied only to the &ctor next them, we write the terms 
thus, V^.y, 1/2 X ab^ and 2a**, or 2a x ^^ or 2a,l^. 

33. The line between the terms of a fraction serves as a 
vinculum both to the numerator and to the denominator, 
when compound quantities. The separating line has the 
same effect when division is expressed in the fractional 

r, a-\-h 

form; as, — — -. 

a — o 
Note. Additional definitions will be given under the 
heads to which they particularly belong. 



CHAPTER II. 

ADDITION. 

Addition^ in Algebra, is the uniting of various quantities 
into one simple quantity, or into a compound quantity in 
its simplest form. 

In Arithmetic the addition of a number always increases 
that to which it is added. Not so in Algebra ; for the 
addition of negative quantities neutralizes an equivalent 
of positive quantities, so that the addition of a negative 
quantity is the same as the subtraction of a positive 
quantity. 

Problem I. 

To add simple Quantities together. 

Case 1. When the quantities are like. and. imtK Vdfx. ^u&. 
Rule. Add the co-efficients togetYier \i^ cotoxdorck KsSjC^- 

5 
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metic, and set down the sum, followed by the common 
letter or letters, and preceded by the common sign, + 
or — . 

Thus, 4tab added to 3ah makes lab, and — 6x added to 
— Ax makes — lOa?. 

Note. When there are many quantities to be added, 
they should be arranged in columns as in Arithmetic. 

Exercise 1. Add together da, 15a, 7a, and 9a. 

Ans. 34a. 

2. Add into one sum +6&2, +3^^ +^, and -f-4ft2. 

Ans. +14^. 

3. What is the sum of — 6c, — 12c, and — llcf 

Ans. —29c. 

4. Add together - 23a?, - 67 A - 34a?, and - 108a?. 

y , y y y 

Ans. -232a?. 

y 

Case 2. When there are only two like quantities with unlike 
signs. 

Rule. Subtract the smaller co-efficient from the greater, 
and set down the remainder, preceded by the sign of the 
greater, and followed by the common letter or letters. 

Thus, 4- 7a; added to — 3^ makes + 4iir, and — 7ii? added 
to 4- 3a? makes — Ax, 

Exercise 1. Add together + lOw and — 6m. 

Ans. +4m. 

2. Add - 49« to + 2bn. Ans. - 24n. 

3. What is the sum of + 253 V^ and - 741 V^? 

Ans. — 488\/^» 
Case 3. WTien there are several like quantities with urtMx 
signs. 

Rule. Add all the positive quantities into one sum, 
and aU the negative into another, by Case 1. Then add 
these two sums together, by Case 2. 

Note. When the quantities are numerous, we may, if 
we choose, place the positive quantities in one column and 
the negative in another. 

+ 7c - 5c 

Example. Add together + Ic — 4c 

+ 7c, - 5c, -h c, 4- 15c, - 4c, 4- 15c - 10c 

and — 10c. 

4- 23c - 19c = 4c, Ans. 

Exercise 1. Add together 5a, - 3a, - 10a, and 18a. 

Ans. 4- 10a. 
6 
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2. Collect into one sum, — 5haj, + 7bx, — 19 Jar, + 3&p, 
and— 125d?. Ans. — 26&a?. 

3. What is the sum of + 64ot2, - 17m«, + 95to2, + 23wS 

- 56w2, - 49^2, - 31otS + 27w2, - 35m2 ? 

Ans. + 21w*. 

4. Add together 19v'^> --45\/^) +38\/^> — 39\/^j 
-h 27V^. Ans. 0. 

Case 4. WAe/i all the quantities are unlike. 

Rule. All that can be done is to place them together, 
connected by their proper signs. 

Thus, if we are required to add into one sum, 3a, — 2b, 
and Vc, we cannot put that sum into a simpler form than 
3a-25-h Vc 

Exercise. Add together a, — J, + Vo^j an<i — . 

a 

Case 5. When there are several quantities, partly like and 
partly unlike. 

Rule. Add together the like quantities, as in Cases 1, 
2, and 3, and connect the sums with each other (if more 
than one), and with the unlike quantities, as in Case 4. 

Example. What is the sum of -}- 7a, — 13ft, + 6x, + 2a, 

- 7y, - 1»Jxy, and + 6ft ? 

+ 7a- 13ft 

+ 2a+ 6ft+5aj-7y-2v'«y 
Ans. +9a- 7b-^bx—7y-2»^xy. 
Exercise 1. Add together 7a, 4ft, 5c, %a, 3ft, and 10a. 

Ans. 23a + 7ft + 5c. 

2. Express in the simplest form 3a^ -1-9 — 7a-h5Vft 

- 16 + 11a - 13a2 - 12 Vaft- 23. 

Ans. 4a-10a2 + 5Vft-12Vaft-30. 

3. Simplify the expression 17a2-34ft2-51c2 + 13a2 

- 26aft -h 13ft2 - 6a2 -h 12ac - 60^ + 55ft2 - llOftc -h 55c2. 

Ans. 24a2 - 26aft + 34ft2 + 12ac - llOftc - 2cK 

Problem II. 

To add compound Qtumtities together. 

Rule. Add the simple quantities of which they con- 
sist, separately. 

+ 3a - 7ft 

Example 1. Add together 3a- 7ft, ^9^"^ot 

5a + 4ft, and - 2a - 2ft. - Za-L^ 
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Exercise 1. Add together 7a^-3b^, 5a2_l2^«, and 

2. Add together 3a — 4v'^c, — 5a + S^bc, — 10a 

- 10 V^c, and 7a - 6\/*c. Ans. - 5a - 22 V^. 

3. Add into one sum, 4tx^ + 4a^ -|- 4^^^ 7^ _ 7^ __ 3^2^ 

- 8j;2 - 8a:y + S^^S - 3«« + Ta^^ - %S and ir^ ^ 4ay + 2^». 

Ans. a^ —y^. 

4. What is the sum of ic» + Sa;^^ + Say^ + y», 5a^ - 15a^^j^ 
+15a?y2-5^, 10a^ + 10y8, 17a^y - ITa^r*, and - 13aH» 

Ans. 8ir« + 440^22^ - 38a^2 ^ 1 V- 
Note 1. It will sometimes be necessary to re-arrange 
the terms, in order that each may stand in its proper co- 
lumn. 

Example 2. Add together 3a -|- 6a; — 7y, 2a — 7a? + 5 J, 
and x + h -\-y. 

3a + 6a; - ly 

2a + 55 — 7a; 

16 -h la; + ly 



Ans. 5a + 66 * — 6^ 



Exercise 5. Find the sum of a^ + 6^ + c*, — Qab — %ac 
-66c, 25a2 - 10a6 + 62, a2-8ac+16c2, and -462 + 66c 
-9c2. Ans. 27a^-16ab-2b^-Uac-ScK 

6. Required, the amount of 7a;2 — 16 -h 6y, 24 — Va^ 

- 15a;2 ^ 3a^^ and Sa;® _ 14 + 28y. 

Ans. — 5a;2 -\- Zxy — »^ xy -\- 33y - 6. 

7. Collect the following quantities into one sum : — 
15a26 + 15a62 - 16ac2 -|- 1562c, a^ - 3ab^ - 3ac2 - 68 + 12c3, 

- 5a8 4- 2062c + 156c2 - 6a2c, and - 12a62 - 126c2 + 16ac2 
-f24a26-8a2c- 1562c. 

Ans. - 4a3 -f 39a26 - 6^ - 14a2c - 3ac2 -f 36c2 ^ i2c8. 

Note 2. When compound quantities are enclosed in 
vincula, they are often added together as if they were 
simple quantities, especially if several of them are alike. 
Powers and roots of compound quantities are also re- 
garded as simple quantities, and added as such. So are 
fractions whose terms are compound. 

H-3(a-6) 

Example 3. What is the sum of Z7r~ hi 

4.3(a-6), -5(a-6),and +7(a-6)? +^{a-t>) 

Ans. +5(a — 6). 

Exercise 8. — ^Find the sum of + 7(a + a;), — 13(a + a;), 

8 
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-22(a-\-z% +55(11 + 2:), -36(«+x), + 18(ii + ar), aod 
— 2l(a-\-xy. Ans. -12(a + x). 

9. AddU^Uier3(a + *), _5(a-A),4(a-*), -6(a+*), 
7(a + ^) + 7(a-^), and (tf-^)-(a +^). 

Ans. 3(a + *) + 7(«-6). 

10. Add U^ether 5(x-y)«, -7(x-y)«, +24(a;-^)», 
and -lS(x-yy. Ans. 9(x-^)«. 

11. Collect into one som 4V(x*+y*), 5V(i*— ^), 
-7V(x*-ir*X -6V(a^+5^X +20V(x*+y«), and 
-8V(^*-y*). Ans. 18v'(«*+y*)-10V(a:*-^«). 

12. Add 369 ?^±f to -484 ?!±f . 

Ans. -115 ?1±^. 



CHAPTER III. 

SUBTRACTION. 

Gekerax Rule. Change the sign, or signs, of the 
subtrahend, and add it (thus changed) to the minuend. 

Note. Instead of actoallj chsmging the signs of the 
subtrahend, it is better to write it anew with the signs 
altered. After some practice, however, it will be found 
sufficient not to change the signs at all, but merely to sup- 
pose them changed ; and even that, after a little practice, 
will seldom be necessary. 

Example. From 7« — 166 + 4c — 5d + c— / subtract 
a_9^^.5c-8rf+12e-13/. 

+ 7a-16^+4c-5£f+ 1«- 1/ 
-la+ 93-5c+8rf-12e+13/ 



Ans. 6a- lb- c + 3(f-lle+12/. 

Exercise 1. From S6x take 15^;. Ans. + 217. 

2. From 15^ subtract 36a;. Ans. — 21x. 

3. From —3^ subtract —17^. Ans. +14^. 

4. From —17y subtract —Sy. Ans. — 14y. 

5. From m + 12n take 15m + 7n. Ans. — 14w + 5n. 

6. From 17m+3n take - llw- 12ii. Ans. 28m+ 15n. 

7. From -6a«-24^takel8a8+9^. 

Ans. -24a2-33^*. 

8. From -15 v'a^-7\/«^ subtract -^tjab— Vh»4 o«^. 

Alia. -\^ -J ob ^^ ^4 <w^ 
9 
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9. Subtract «» - 3a*6 + Sab^ - ^« from «» -f 6a«^ + 12aA« 
+ 8^8. Ans. 9a26 + 9a^ + 96». 

10. Subtract 3a*-9a* + 15a»-24a« + 80a-45 from 
a« + 4a4 ^ 20a8 + 25a« + 20a - 45. 

Ans. - 2a* + 13a* + 5a« + 49a* - 10a. 

11. Subtract 19aa - 24^* ^ 27ax + 13y* fit)m 33a« -h lac 
+ 46aa; - 12j^3 _ 7^2, 

Ans. 14a»-f 24A2 + 7ac-|-19aa;-25^-7^*. 

12. Subtract Ax^y — 7ay* + 6xz^ — 24y^* — ayr fit)m 4a;2y 
- 7a;2^ + 12y^z - 2^yz^ + «y«. 

Ans. Ixy^ - hzz^ — Ix^z + 2xyz -f 12y2^. 

13. Take 12(a + «)* - 63(^ - yY from 63(a + xy 
- 12(6 - j^)3. Ans. 51(a + a;)^ - 51(6 -5^)2. 

14. Take 19(a - 6) - 19(a + h) from (a + 6) + (a - 6). 

Ans. 20(a + 6) - 18(a - h). 



CHAPTEE IV. 
THE VINCULUM. 

The vinculum, explained in Definitions 31 and 32, is of 
frequent and important employment in Algebra. When 
it connects the terms of a compound quantity, its use re- 
quires particular explanation, since no sign is so liable to 
be the source of mistakes. 

When a vinculum is already in an expression, and to 
remain in it, its use is very simple : we then merely treat 
the quantity within the vinculum as a whole, and pay no 
regard to its component parts, precisely as if the vinculum 
and the quantity within it were one letter. We treat such 
quantities as sealed parcels, of which we may count the 
numbers, and subject those numbers to any operations of 
Arithmetic, as parceb, without knowing what they con- 
tain. The removing of the vincula is like the uncovering 
of the parcels, — their contents are separated, and then 
their re-arrangement requires peculiar rules. The enclos- 
ing of separate quantities within vincula also requires 
rules. The following will suffice : — 

Bulb 1. Any sign, immediately preceding a vinculum, 
is applied to the whole quantity within the vinculum, and 
not to any one of its terms or factors. Thus, — (a + 6) is 
entirely different from ( — a + 6). Thus, also, \/(9 + 7)=4, 
but V 9 + 7 = 10. 

10 
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Rule 2. When no sign, within the vinculam, precedes 
the first term, that term is understood to have the sign +. 
Thus — (a -f 3) is the same as — ( -f a -h ^). 

Exercise 1. What are the values of + (8 -f- 6), -h (8 — 6), 
-(8 + 6), and -(8-6)? 

2. What are the values of 8 + 22, (8 + 2)2, 8 - 2% (8 - 2)8, 
V4 + 5, and V(4-}-5)? 

Rule 3. Since the sign +, prefixed to a vinculum con- 
taining a compound quantity, implies that the whole com- 
pound quantity is to be added, Ae removed of a vinculum^ 
when preceded by +, will not require a change of any of 
the signs within the vinculum. Thus, 8 + (6 — 2) is exactly 
equivalent to 8+6 — 2. 

Rule 4. When the sign — is prefixed to a vinculum 
containing a compound quantity, since it implies that the 
whole compound quantity is to be subtracted, the removal 
of the vinculum, in this case, requires the signs of all the 
terms within the vinculum to be changed, as in Subtrac- 
tion. Thus, 8-(6+2), or 8-(+ 6 + 2), becomes 8 - 6 - 2 ; 
and 8-(6-2) becomes 8-6 + 2. 

Exercise 1. Express the following quantities without 
the vinculum : a + (ft + c), a + (ft — c), a — (ft + c), and 
a— (ft — c). 

2. Express the following compound quantities without 
the vinculum, but retaining all the terms separate : 
10 +(5 + 2), 10 + (5 -2), 10-(5 + 2), andl0-(6-2). 

3. State the simple numerical value of each of the four 
compound quantities mentioned in the preceding exercise. 

4. Simplify as much as possible the expression (3a; + 2y 
+ ^z) + (a; + 2y + 3^). Ans. 4a; + 4^ + Iz. 

5. The same with the expression (3a; + 2y + 4«) — (a; + 2y 
+ 32f). Ans. 2a; + z, 

6. The same with the expression (ba — 7ft + %c) + 5a 
- 10ft - 20c). Ans. 10a - 17ft - 14c. 

7. The same with the expression (5a — 7ft + 6c) — (5a 
-10ft -20c). Ans. + 3ft + 26c. 

Rule 5. In like manner, the introdtiction of a vincidum^ 
if it is to be preceded by a positive sign, requires that all 
the t^ms enclosed shall retain their signs without altera- 
tion ; but if the vinculum is to be preceded by a n^a- 
tive sign, all the terms enclosed must have their signs 
changed. 

Exercise 1. Express the foUovvm^ c^x^k^xov^ o^^NCi^ 
titles^ with the last two terms o£ eae^\i eiic\o^fe^m ^^'^vbss^- 

11 
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lum preceded by the positive sign : o + ^-fc, a-\-b^c, 
and a^b -\-c. 

2. Express each of the following compound quantities, 
with the the two last terms enclosed in a vinculum preceded 
by the negative sign : a — b — c, a — b-^-c, and a + ^ — c. 



CHAPTER V. 
MULTIPLICATION. 

Problem I. 
To multiply two simple Quantities together. 

Rule. Multiply the two co-efficients together by com- 
mon Arithmetic. After the product of the co-efficients 
write the letters of both factors together in order ; and 
before the product place the sign, which will always be + 
if the signs of the two factors are alike, and ~ if they are 
different. 

Thus, the product of + a by -\-b is + ab ; that of 

— ax by — by is + abxy ; that of + 3«y by — 2ab is 

- 6abxy ; and that of - da^ by + l¥ is - ma^b^. 

Exercise 1. Multiply -f-c by H-e?, and —mxhy —ny. 

2. Multiply + 2a by - 35, and - 7a; by + 7y. 

3. Multiply - 6a;2 by -h 5/, and - Uax^ by - 2hby^. 

Note 1. If the same letter occur in both factors vnthout any 
exponent, instead of writing it twice, write its square. 
Thus, abxac = a^bc. 

Exercise 4. Multiply + 4my by — 7ny. 
5. Multiply —ISabxhy —2acx, 

Note 2. When two powers of the same letter occur in the 
two factors, they are multiplied together by adding their 
exponents. Thus h^ xb^ = ¥, and (^xc — cl. 

Exercise 6. Multiply -W by -9a7, and + Zabx^ by 
+ llaca:*. 

7. What is the product of + Vlmn^ and -2m^n% 

12 
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Problem n. 

To multiply a compound Quantity by a simple Quantity. 

Rule. Multiply every term of the compound quantity 
separately, and connect the products by their proper signs. 

Exercise 1. Multiply a^ — 2b^ by Sxy. 

Ans. Sa^xy — 6b^zy, 

2. Multiply 7a - 5 by - Sab, and Sx^ - V by -f 12x^y». 

Answers : - 66a^b + 40ab, and dQxr^y^ - lO&ry. 

3. Multiply Qaa^ - Sb^x^ - 20c8a; by - 5mx. 

Ans. -SOamw^ + AOb^ma^-^lOOc^^mie^. 

Problem m. 

To multiply one compound Quantity by another* 

Bule. Take either of the compound quantities as the 
multiplicand, and multiply that successively by the several 
terms of the other ; then add the products together. 

Note. In multiplying, it is usual to begin at the left 
hand, proceeding to the right. 

Example. Multiply a^ -f- 2ax + a?* by a* - 2ax + a^. 

a^ '\'2ax -{• a^ 
a^ — 2ax + n^ 



a* + 2a^a?-haV 

-2a^x-^a^a^-2aaP 

4- aV + 2ax^ + a?* 

Ans. a* * -2«2as2 ♦ -f-a?*. 

Exercise 1. Multiply a^bhj a-^b, 

Ans. a* 4- 2ab + b^. 

2. Multiply 3w — 2n by 2m — 3w. 

Ans. %m^ — IZmn + W. 

3. Multiply 2a? + 2y by 2a? - 2y. Ans. 4a?2 - ^f. 

4. Multiply 5aa? + hay by 4^a? — 4fty. 

Ans. 20a&B2 - 20%^ 

5. Multiply a?* + 2a?y + ^^ by a? —y. 

Aqs. afi -{-a^y—ay^^t^. 

6. Multiply 9a2 + 6ai + 45« by ^a -^h. 

^^^. ^'la^ -^^"^ 

13 ^ 
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7. Multiply -4w'H-10mw-25n* by ~4m*-10»i« 
- 25»«. Ana, 16m* + lOOmV + 625«*. 

8. Multiply a«-3a'a? + 3a^2-«« by a« + 3a*a? + 8a«* 
-f afi. Ana. o^ - 3aV + da'«* -a^. 

9. Multiply lahx-^cdy by 12ac»— 105<;^. 

Ans. 84a«^«* - lO^cu^dxy - lOdt^day + 90icdy . 

10. Multiply 8a» + 10a* + 12a + 14 by 4a«-6a« + 6a 
-7. Ans. 32a^ + 46a*-68a«-98. 

Note. When compound quantities are enclosed in 
vincula, tiiey are often multiplied togetiier as if tiiey were 
simple quantities, especially when tiiey are alike. 

Exercise 11. Multiply 7(a-5) by 15{a-5). 

Ans. 105(a-5)«. 

12. Multiply - 45a«^w + w) by + 36a*c(w + »)*. 

Ans. - 1620a*^m + «)». 

13. Multiply + 5?±-Sby-^ ^' -15(^y. 

14. Multiply -13(a? + y)»by -8(a? + yy. 

Ans. 104(« + y)». 



Problem IV. 

To find the Product of any Number of Factors^ whether 

simple or compound. 

Rule. Multiply the first by the second ; then that pro- 
duct by the third ; and so on. 

Exercise 1. Multiply 2a, 3&, 5c, and Sd, continually 
together. Ans. 240a^. 

2. Find the product of + 7aa;, — 65y, and —4cz. 

Ans. + 140a&c;i?^^. 

3. Express in its simplest form ( - Iba^a^) x ( - 12a«*) 
x(-7). Ans. -1260a«««. 

4. What is the product of the three £Eu;tors, a^ + 5*, 
a + 5, and a-bl Ans. «*— H 

5. What is the product of a + 6 — c, a — 6 + c, and 
-a + ^ + ct 

Ans. -a« + a*A + a5^-^-2afe + a'c + ac*-|-5*c 

6. Multiply together «-3, « + 3, a?-5, and « + 5. 

Ans. X* - 34fl?* + 225. 

7. Also, « + y, «-y, «* + ay + y*, and «*-«y+y*. 

Ans. «*— y*. 
14 
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CHAPTER VL 

DIVISION. 

Problem I. 
To divide one simple Quantity hy another. 

Rule. Cancel all the factors common to the dividend 
and divisor. Then, if all the factors of the divisor disap- 
pear, the quotient will be an integer consisting of the un- 
cancelled factors of the dividend ; but, if not, the quotient 
will be a fraction, having for its numerator the uncancelled 
£Eu;tors of the dividend, and for its denominator those of 
the divisor. 

The ruleyor the sign will be similar to that for multipli- 
cation, — ^viz.. If the signs of the divisor and dividend are 
alike, that of the quotient will be + ; but if unlike, it 
will be — . 

Note 1. The common factors of the co-efficients will often 
be seen at a glance ; but, if not, they are all cancelled at 
once by dividing both co-efficients by their greatest com- 
mon measure, as found by Arithmetic. The common 
factors among the letters will be seen by mere inspection, 
when different powers of the same letter do not enter into 
the terms ; but when the divisor and the dividend contain 
different powers of the same quantity, cancel that power 
which has the smaller exponent, and, at the same time, 
diminish the exponent of the higher power by that of the 
lower. 

It is usual to write the divisor below the dividend in the 
form of a fraction, in order that the common factors may 
be seen more readily by standing in contiguity. 

Example 1. Divide 63aftc* by - 9ac8. 

±.5?^ = -7ftc^,Ans. 
-9ac« 

Example 2. Divide — 40mw2^*j/« by —A^n^sfit/^, 

Exbbcise 1. Divide 6a6 by 2ft, 2bxy by 20y2r, + \^mn 
by — 8m, and — lab by — ^abc, 

2. Divide al by a\ 108a5«c* by -^aV^<?, -^^-^^ ^^ 
+ 56ary5r4, and - ISmsF^y^ by - ^^mf. 

15 
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Note 2. If the letters of the divisor are all canceUed, 
but not the co-efficient, we may give the letters of the 
quotient in an integral form, and the co-efficient in a firac- 
tional form ; and if the co-efficient of the divisor is can- 
celled, and not all its letters, we may give the co-efficient 
of the quotient as an integer and the letters as a fraction. 

Thus, 3a* ^ 4a2 = fa*, and 12aw ^ Byz = 4?. 

4 z 

Exercise 3. Divide A2abc^ by 36^, and - lOSa^y^ by 

132a?y. 

4. Divide Slab^a: by - 27a'^bx, and - 104»»y« by - 8f^. 



Problem II. 

To divide a compound Quantity by a simple Quantity* 

Rule. Divide the terms of the dividend separately^ 
and connect the quotients by their proper signs. 
Exercise 1. Divide a^x^ — babx^ + Qao!* by aa^. 

Ans. a^ — 55a?H-6«*. 

2. How often is — 8;py contained in — 16»2a?^y-f 24«a?*y* 
4- 66pxy^ ? Ans. 2ma^ — Snxy — 7^y*. 

3. Divide ^Om^n^x* — h^m^n^x^ by %rr?n^a^, 

Ans. -J- mx?' »i«*. 

4 4 

4. Divide 56aV-72% by -8%^ 

Ans. -7^ +9^. 
by ay 



Problem m. 

To divide one compound Quantity by another. 

Rule. Arrange both the divisor and the dividend ac- 
cording to the powers of some one letter contained in 
them : then divide the first term of the dividend by the 
first term of the divisor, for the first term of the quotient. 
Multiply the whole divisor by the term thus found. Sub- 
tract the product from the corresponding terms of the 
dividend : bring down to the remainder as many other 
terms of the dividend as may be required ; and repeat the 
operation till all the terms are brought down. 

16 
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NoTB 1. The answers should all be proved bj miilti- 
plication. 

Example. Divide a» - 6a^b + 12al^ - 8^ by a - 2*. 
a-26>i»-6a«6-t-12a^-W8(a«-4a5-t-4^, Ans. 
a» - 2a^b 



-4a«6-t-12a^ 

+ 4a5«-8^ 

ExsbciseI. Divide o^ — 2a5 + ^ bya — &. Ans. a — 5. 

2. Divide 6a« + 5a5 - 6fc* by 2a + 36. Ans, 3a - 2b. 

3. Divide 6m« - 13m* + 6m by 3m - 2, Ans. 2m* - 3m. 

4. Divide ow— an -t-^ — ^ by m — n. Ans.a + 6. 

5. Divide a?*-5j?*y + 10a?y-10«*y» + 5a^-y* by 
x* — 2j^ + y*. Ans. a:* - 3«*y + 3ay* — y«. 

6. Divide 6ay« + 6;c*/ - &i?8y - &F* by 2^ -h 2ay. 

Ans. -4a?*-|-3y*. 

7. Divide 12a* -192 by 3a -6. 

Ans. 4a» + 8a* -h 16a H- 32. 

8. Divide 642« - 729 by 4?* - 9. Ans. 16z* + 36^* + 81. 

9. Divide 10a* - 21a*6 + 27a»b^ - 34a^b» -h 1 la6* -h 56« 
by 2a» - 3a** + 4a^ - bbK Ans. 5a* - 3a6 - 6*. 

Note 2. If there is a remainder after the process is com- 
pleted, write the remainder as the numerator of a fraction, 
having the divisor for its denominator, and attach this to 
the quotient with the sign + or — . The former of these 
signs will usually be employed when the first term of the 
remainder is positive ; but the latter, when negative. 



ExBBCiSE 10. Divide a* - 2^y* + 2y* by ic* -y*. 

Ans. ;c*— y*-|- 



y 



;p* — y** 

11, Divide 4a* - 10^ by 2a - 36. 

Ans. 2a+36 ^-~ 

2a - 36* 

12. Divide Sz^-12i^-3zhj 2z^-z^^Sz. 

Ans.4;g + 2+ ^^' + ^^ :.. 

2^8 - 2r* - 3/ 

Note 3» When the negative sign is attached to the frac- 
tion, the numerat(»r of which is a com^vm^ QraAXi>iVs^^^ 
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must change all the signs of the numerator, according to 
Rule 5 of Chapter TV. See also Def. 33, Ch. I. 

Exercise 13. I>iYidea^-da^-\-2ab^-2b^ hja*-2ab 

14. Divide a* + 2a^b + 2a^^ + ab^ by a^ + 2a* + bK 

Ans. a^-hb^- g ^"t — f^. 

a^ + 2ab + l^ 

15. Divide S2a^-2^0a^b-h720a^b^--1100a^b»-hS00ah^ 
- 240^ by 8a8 - ^Qa^b + b^ab^ - 27^8. 

Ans. -f4a^-12a^+95^-^ ''"'^t''^\T'^ . 

Note 4. Sometimes, instead of the remainder being put 
down in a fractional form, the process of division is carried 
frirther, and the quotient continued in the form of a series ; 
and, when a sufficient number of terms have been found 
to show the law of the series, as it is called, the quotient is 
concluded with ^' &c." Sometimes, also, a simple quantity 
is divided by a compound quantity in the same manner. 

Exercise 10. Divide 1 + a by 1 —a. 

Ans. 1 + 2a + 2a* -I- 2a8 + &c. 

11. Divide 1 —a by 1 4- «. 

Ans. 1 - 2a 4- 2a2 - 2a8 + &c. 

12. Divide 1 by 1 + ^. Ans. l—X'\-z^ — a:^-^ &c. 

13. Divide 1 by 1 -ic. Ans. l+a; + a^ + ^+&c. 

14. Divide 9 - ISa;* by 9 + ISar". 

Ans. l-4ir2H-8iB4~16aj6 4- &c. 

15. Divide 1 by 1 - 2a + a2. 

Ans. 1 + 2a + 3a2 4. 4a8 + &c. 



CHAPTER VII. 
COMMON MEASURES. 

DEFINITIONS. 

When one quantity is contained a whole number of 
times in another without leaving a remainder, the former 
quantity is said to measure the latter, or to be a Measure 
of it. Thus 3 is a measure of 12, and a +5 measures 
ac-^-bc. 

When one quantity measures two or more quantities, 
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COMMON MEASURES. 19 

it is called their common Measure. Thus, 3 is a common 
measure of 9 and 12, 2 is a common measure of all even 
numbers, and a^ is a common measure of c^ and a^h, 

A quantity may have several measures, and two or more 
quantities may have several common measures. 

Exercise 1. What are the measures of 12 ? 

2. What are the measures of 30 ? 

3. What are the common measures of 12 and 30 ? 

4. What are the measures of Aab ? 

5. What are the measures of 6ac? 

6. What are the common measures of Aah and 6ac ? 



Problem. 

To find the greatest common Measure of two given Quantities. 

Rule. The greatest common measure of two quantities 
is the product of all the factors common to both ; but it is 
found in different ways in different cases. 

Case 1. When the quantities are both simple. The com- 
mon Actors among the letters are seen at once by inspec- 
tion ; and, in the co-efficients, they may always be readily 
observed if the numbers are small; but, if large, their 
greatest common measure is found by the usual rule of 
Arithmetic. Thus, the greatest common measure of 4:al^c 
and ^^bc is 2abc. 

Exercise 1. What is the greatest common measure of 
the quantities abc and acdl 

2. What of a^oc^y and a^x 1 

3. What of 6am^n and da^mn ? 

4. What of 2SSab^<^d and lS2a^b^<^d^ ? 

5. What of 8925ma;V and 12852nar«y* f 

Ans. 357^^5^. 

Case 2. When the gtumtities consist solely of compound 
factors. Arrange the terms of each quantity according to 
the powers of some one letter. Of the two quantities, 
take that which commences with the higher power (or, if 
equal, either), and divide it by the other. If there is a 
remainder, use it as a divisor for the next operation, and 
by it divide the preceding divisor now used as a dividend. 
Continue this process until there is no remaisA^^x. *\\^^ 
last divisor will be the greatest coixmioii meidsxa^. 
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Example 1. Find the greatest common measure of the 
two quantities a? -h 2«* + 2a? + 1 and x^ + 2a? -f- 1. 
a;*4-2a?4-l)a^H-2aj2 + 2a; + l(a; 
a;»-|-2a:^+ x 






x-\- 1 
Ans. x+l. a; + 1 

Exercise 1. Find the greatest common measure of 
a9j^a^h-ah^-¥ and a^-h^. Ans. o^../^. 

2. What is the greatest common measure of 5 + 80a 
+ 16a8 - 6a* + 3a« and a«- 2a8 + ba^ - 10 ? Ans. a* + 5. 

3. Of a^-3a;^ + 2and afi-Zx^ + Za^-21 

Ans. a?^ — 2. 

Note 1. When the sign of the first term of any divisor 
is negative, we may change the sign of all the terms if we 
please. 

Note 2. If, in the course of the process just described, 
the first term of any of the divisors does not measure the 
first term of the corresponding dividend, divide the former 
by any simple factor or factors which will divide all its 
terms, if any such can be found. But, if none— or i^ 
after doing so, the first term of the divisor does not yet 
measure the first term of the dividend — multiply the divi- 
dend by the smallest simple £a.ctor necessary to effect that 
object. 

Example 2. Determine the greatest common measure 
of a^-ab^ and a^ + 2ai + ^^ 

a^ jf. 2ah -{• b^ )a^ - ab\a. 

a8 + 2a*6+ oft* 



-2a2i-2a5«. 
Dividing the remainder (which is to be our next divisor, 
by 2ad, according to Note 2, and then changing the signs 
of both its terms, by Note 1, it becomes a + 5. 

a^ -\- ah 



Ans. a + i. oft + 5*. 

Example 8. What is the greatest common measure of 
3a2 -I- aft-4d» and 4a«-5a^ + ^ ? 
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Making the second quantity the dividend, we must mul- 
tiply it by 3 before its first term can be measured by the 
first term of the divisor. 

3 

3a2 + a5-.4^)12a2-15a5+ Sh\4L. 

12^2+ Aab^Uh^ 

-19a5 + 196^ 
Divide the remainder by 19^, and change its signs 
(making a — b) for the next divisor. 

a-^h)da^-\- ab-4:b\3a-\-4b. 
3a2 - 3ab 



Ans. a — b. 

Exercise 4. Compute the greatest common measure of 
6a* + lax - 3ic* and Ga* + 1 loa? + 3a^. Ans. 2a + 3x. 

5. The same of 12a^H-4a;2_3^_l^ and 8a^~4a^ 

— 2a;+l. Ans. 4a:* — 1. 

6. Of ar»4-3x-4anda^-3ic2-10ic. Ans. 1. 

7. Of 4a^ — 8a£c* - a^o? + 2a', and 4a* - a^, Ans. 2a - x, 

8. Of a* - 5a% + lOaV - 10a V + haoc^ - a;* and a' + ic* 

— aa^ — a*x. Ans. a* — 2aa; + a:*. 

Note 3. In some instances the preceding directions and 
all others are insufficient. In such cases, the greatest 
common measure can be found only by resolving the two 
quantities into their factors, which is sometimes a trouble- 
some process. 

Case 3. When the quantities consist of both simple and 
compound fcuitors» Find the greatest common measure of 
the simple factors, by Case 1 ; then that of the compound 
factors, by Case 2. The product of the two common mea- 
sures thus found will be the greatest common measure of 
the two given quantities. 

Exercise 1. Find the greatest common measure of the 
two quantities 8(a* + 2aft + 5*) and 12 (a»-a*6-a5* + i»). 

Ans. 4(a + 6). 
2. The same of 35a:* - 35y* and 63ar» - 63y* 
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CHAPTER VIIL 
COMMON MULTIPLES. 

DEFINITIONS. 

A Multiple is the reverse of a measure. When one 
quantity measures another, the latter is said to be a mul- 
tiple of the former. Thus, 20 is a multiple of 5, and o^ 
is a multiple of a. 

When one quantity is a multiple of two or more quan- 
tities, it is called their common Multiple, Thus, 12 is a 
common multiple of 1, 2, 3, 4, and 6. Thus, also, a5c is a 
common multiple of a, b, ah, ac, and he. 

Pboblem L 
To find the least common Multiple of two given Quantities. 

Rule. Divide one of the two by their greatest common 
measure, and multiply the other by the quotient. 

Note. If they have no common measure greater than 
1, their least common multiple is, of course, their pro- 
duct. 

Exercise 1. What is the least common multiple of db 
and ac ? Ans. o^. 

2. Of Sx^y and 20a^ 1 Ans. 40x*y2. 

3. Of 4a;« + 12a; and 5a: -I- 15 ? Ans. 20a;^ + 60a;. 

4. Of 2m-5 and 2m-f 7? Ans. 4m2H-4m-35. 

5. Of 4a;«-4a;y+y2 ^nd 4x^-y^1 

Ans. 8a;«-4a;^y-2a;y2^.y8. 

6. Of a;*+a;^+a; + l anda;^-x*H-a;-l. Ans. a;*-l. 

Problem n. 

To find the least common Multiple of three or more given 

Quantities, 

Rule 1. Find the least common multiple of the first and 
second ; — ^then of that multiple and the third quantity ; — 
then of the last multiple and the fourth quantity ; and so 
on^ till all the quantities are taken in. 
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56c 
2x3x2xax5&e=6<Mc, Ans. 
V.«KiMMHK 1. What is the least oonmioii mohqile of 12« 
15, aiid20T Ait& 60. 

2. Of xyjjftzj and xr T Ans. xju. 

3. Of S«» 4A, 5e, Si^ Uat^^ and 15^1 

Ana. 120a*6V. 

4. Of 7j:,9|r, andlUf Ans. 69339^. 

5. Of 14b*, 2Uy, ^^B^ 2as2r, and 15s>f 

Ana. 42(]bcV. 

6. Of «*-jf»,««-|-2i|f+f»,and«»-2ry+jr»t 

Ai»» 1^ — %|^# ^^ 

7. Of x-^,ir^2,x*+4, anda?-« kw^^se^-^^ 
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CHAPTER IX. 
FRACTIONS. 

Note. The Definitions of the terms usually employed in 
fractions are the same as in common Arithmetic. It is 
therefore needless to repeat them here. 

Pboblem I. 

To reduce cm integral Quantity/ to a Fraction having a given 

Denominator, 

Rule. Multiply the whole number by the given deno- 
minator, for the numerator of the fraction, and write under 
it the given denominator. 

Exeboise 1. Reduce 7 to a fraction having its denomi- 

^«**^' ^- Ans. ?? . 

4 

2. Reduce a to a fraction whose denominator shall be b, 

A (^ 
Ans. --• 

b 

3. Reduce 6ax to a fraction having 1 for its denomina- 
tor. 

4. Reduce 7a^ to a fraction the denominator of which 
is given, — ^viz., 6a^z. ^^^ Zha?f^z 

bxyz 

5. Reduce a^x to a fraction having its denominator 

«-^- Ans. ^H^- 

a—x 

Pboblem II. 

To reduce a mixed Quantity to the Form of a Fraction. 

Rule. Multiply the whole number by the denominator 
of the given fraiction, and add its numerator to the pro- 
duct, if the sign of the fraction is positive ; but subtract 
it, if negative. Write the result for the numerator of the 
required fraction, and, for its denominator, that of the 
£iren faction, 
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Exercises. Eeduce the following mixed numbers to 
fractional forms : 



1. «+**. 

c 



4. 3a- 



4aa; + a* 

4a; 
6* 



5. a2-ft« + 

a*4-o2 

^- 3^ *^ 4a;-3y 
8wn — 6w 



7. 8»-3- 

8. X — y — 

9. a* + aa3» + 



m — 1 



Ans. 



«(j+52 



Ans.??^ 

Ans. ^^y 
8ac-a* 



Ans. 



Ans. 



Ax 



«* + &« 
Ans ^^^-^Q^ 



Ans. 
Ans. — 



4aj — 3y 
3m-8n + 3 



i» — 1 
2y» 



2 



Ans. 



o^-? 



Problem m. 

To reduce an improper Fraction to the Form of an integral^ 

or of a mixed^ Quantity, 

Rule. Divide the numerator by the denominator. 

Exercises. Change the following fractions into mixed 
quantities : 



1. 



ac-\-l^ 



Ans. a-\ — 
c 



2 2xz-y^ ^ 

2z 
g 36aj* + 3y5 

4. 

g l2o^-30xy ^ 



s 



5a^ 
Sax — a^ 

Ax 



Ans. x—^ 
2z 

Ans. Ix'-^^ 



Ans. 2a-' 



ix 



Ans. a^-J^-h-s 



6* 



Aika. ^x— 
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7 3m-8» + 8 AnB.S-^^^. 

m—l m—1 

8. — ^' Ans. 2a; -2y. 

x^ + xy-^y^ 

9. —K — j>" Ans. a* -hoar* + — 5 5- • 

Note. A fraction is not increased if both its terms are 
multiplied by the same quantity ; neither is it diminished 
if botib are divided by the same quantity. 

Definition. Any quantity by which both terms are 
multiplied or divided is called their common MuUiplier or 
common Divisor. The former is placed to the right of the 

fraction, as -(2 ; the latter to the left, as 2)- • Thus 
1(2 = 1 and 2)1=1 

Problem IV. 

To change one Fraction into another of equal Value having a 

given greater Denominator.* 

Rule. Divide the greater denominator by the smaller 
for the common multiplier. Place that to the right of the 
given^ fraction, and multiply the numerator by it. . 

Example. Change ^ into a fraction having its deno- 
minator Qbc. * /Q _ 3«c . 

2i ^ ^ " 66c* 

Exercise 1. Change - into a fraction having its deno- 
minator j^. ^g ^ 

2a 
2. Reduce -~ to a fraction having its denominator 

12 o^. . Sa^ 

Ans. 



12ab 



3. Reduce -— to the denominator 20m'n^. 
4n 



^'''- 20iii^ 

* It IB not absolutely necessary that the greater denominator he a multiple of 
the smaller. When not so, we are merely driren into the form of a complex 
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7 
4. Convert into a fraction having its denomi- 

a — b 
nator 2a^ - 2ab. j^^^ 1 4a 



2a» - 2a6 



5 

5. Alter the form of the fraction , so that its de- 

nominator may become a^—aP, . 5a — 5a; 

6. What fraction, with the denominator 4a* — 12a -}- 9, is 
equivalent to the fraction ? Ans. "~ 



2a-3 4aa-12a-h9 

Problem V. 

To reduce a Fraction to its lowest Terms. 

Bulb. Cancel all the factors common to the numerator 
and denominator ; or, in other words, divide both by their 
greatest common measure. 

Example. Reduce — -- to its lowest terms. 

3c)-— -=-— . Ans. 
^ 6bc 26 

Exercises. Eeduce the following fractions to their low- 
est terms : 

1. -4. Ans. - 



15m'n 4 3m 

20^^- • JH 



Q 959a«68<j . 7a3 

o. — - — sr — s. Ans. 



. 5a — 5a; a 5 

4. —5 -' Ans. 



a*— x^ a 4- a; 

5 m*-h3m + 2 . m + 2 



m* + 3m2 4-4m-h2' * m^T2wT2 

^ a^ — x^ . a^-ha;^ 

6. -s X j: i. Ans. — * 



a^ — a^a; — aa;^ + a;^" * a — x 

0^-20*- 15a» . a* + 3a» 
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8. ^^^^^% AnB. ?(^Lti) 

152(a + 5)» 4 



Pboblem VI. 

To redttce Fractions having different Denommxtors to equwa- 
lent fractions having the same Denominator. 

Rule. Take any common mnltiple of all the denomina- 
tors for the common denominator, and reduce all the 
fractions to that, by Problem IV. 

Note. The common multiple most easily fomid is the 
product of all the denominators ; and, in that case, every 
numerator is multiplied by all the denominators but its 
own, for the new numerators. But much work is saved, 
in many operaticms, by using the least commcm multiple, 
found by Problem I or 11 of the last Chapter. 



Example. Beduce 



4a:y' 
— 5, and r-;^> to frac- 

tions having a common de- 
nominator. 



^ /iA \Ohxz 



ExEBCiSE 1. Reduce -, -, and ~ to the same deno- 

X y z 

minator. ^^ ayz^ hxz_^ ^^ ^^ 

ocyz xyz xyz 

2. Reduce —, and -i^ to a common denominator. 

4:00 Goc 

Ana ^^ and ^*^ 
V2abe 12abe 

5 3 4 

3. Reduce — , —, and -- to fractions having a 

6o 46 be 

common denominator. 

. 605c 45a« „^, 48a5 
-^s. —— r , ^^ - , and ^^ - . 
%Oahc eOabc eOahc 

4. the same with — — , - — , and -— — . 

15mn Smp 12np 

Ans. ^^P , -i^, and J5^. 
120mnp 120mnp 120mnp 
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5. The same with — it. and 



a—x 



o — a? a + x 

6. The same with — — =, and — «» and 

1 
a^ — 2ax-\-a^' 

Ans. The numerators will be a^ — 2aa;-hic*, a^ — x^, 
and a^ + 2aa;+^; and the common denominator 
a*-2aVH-x*. 



Pbobleh vn. 

To add Fractions together. 

Rule. If they have all the same denominator, add their 
numerators, and under their sum, as a numerator, write 
the common denominator. 

But if they have not the sams denominator, reduce them to 

a common denominator, and then proceed according to the 

foregoing direction. 

3 5 7 15 

ExEBGiSE 1. Add together -, -, and -. Ans. — 

a a a a 

o 3a + 6 2a-Sh , -a-\-2b . 4a 

2. — -- — , — , and ! — . Ans. — . 

ox ox ox ox 

• 3a J 2a a 13a 

o. — 9 and — • Ans. — . 

T 3 6 

4X X X ^ X A ^njX 

• T> 7J ■;;> *Uld :rx« Ans. -- — . 

4' 5' 6 10 60 

5. - and -. Ans. — X-^» 
d bd 

6. 7^+^^^ and ^^^-7^ Ans. ^^^ + ^^^ 

8 10 40 

- 2a 35 , 4c . 40a«c -h 45a^ + 485c2 

7. --, —., and --. Ans. ^^ , — ■ 

36 4c 5a 60a^ 

8. 4- and -2-. Ans. ^i^. 

9 A. -i_ A Ans ^Q^^ + 48mn-h45n^ 

4wi2' 5W 6n2' * ^^m^u^ 
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10. --I-- and — ; — Ans. — -^ ^ . 

m—n w» + w nv—tr 

An8._M±^. 

Note 1. If any of the fractions to he added has the negative 
sign^ consider that sign as attached to its numerator if 
simple; but if compound, change all the signs of the 
numerator, or suppose them changed, in adding the numera- 
tors. In the kitter case, however, a negative sign at- 
tached to a fraction must be carefully distinguished from a 
negative sign attached to the first term of its numerator. 
(See Chap. I, 32, and Chap. lY, Rules 1, 2, and 3.) 



Exercise 12. What is the sum of +— ^, +-;rr^ , 

Ibab 21bc 



and 



l_t Ans. 20«'-156» + 28C 



28ac i20abe 

13. ^±^ -^, and 2^? Ans. ?i±l^ 

XXX X 

a—x a-\-x a^ — a^ 

IK 2a J 2a; 

15. - — = 5 and 



a^-\-2ax-^a? a^ — a?' 

. 2a^ + 2a^ 

^"^- a^-,a^x-aa^-x^ ' 

Note 2. The fraction expressing the sum, if not in its 
lowest terms, must be reduced to them, or, if possible, to 
a whole number. 

Exercise 16. Add -i- to -^. Ans. a. 

2 2 

17. Add -5 ^ to . Ans. — -!- . 

cr — QT a + x a — x 



Problem VIH. 

To subtract one Fraction from another. 

Rule. Proceed as in addition of fractions, subtracting 
instead of adding. 
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EXEBCISE 1. Prom ?^ take 1^. Ana. ?^. 

ay ay ay 

2. Take^f^ from ^-^^. Ans-.^^+j^^ 

136 136 136 

„ 5m Zm . m 

3. _--. Ans. ^ 

M a h . <xu — hx . 

4. . Ans. -^ . 

X y xy 

. 10a_96 ^^ 20a - 276 

• 21 14* ®' 42 ' 

^ 9a;- 16 6a;-20 . 21a; 

0. — — — - — . Ans. — — . 

4 5 20 

7 fn _ n . 36m-2a» 

'• 16^6 24^' 480^6* ' 

ft 5 4 ._ 25a; -242 

"• ^^^ — ;r= — • Ans. — — . 

102y;2r 85a3^ 510ayz 

9. ^±^-?^. Ans. ^^ 



a—x a-\-x c^—a?* 

10. , ^ ^ -,^-L^. Ans. ^ 



2a-26 2a+26 a»-62' 

11 2a 2a; ^^^ 2a» - 4aa; - 2a;^ 

a?+2aicT? a^-a;^' ' a*+a*a;-aa;2_^* 

12. ?^^_?LZ^. Ans. 6. 



Pboblem IX. 

To Multiply one FracUon by another^ or to find the Product of 

any number of Fractions, 

Rule. Multiply all the numerators together for the 
numerator of the product, and all the denominators for the 
denominator of the product. 

The sign follows the same rule as in the case of integral 
quantities. 

Exercise 1. Multiply j- by -. Ans. —. 

d hd 

2. Multiply +?5 by +?^. Ana, ^r ^ 



ly ^ fif V^ 
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3. Multiply +-77FTr-^y -TTT-5' -Aj^""^ — ^^,,. , . 

4. What is the product of — -?, +--, and — - — ? 

a; oy ixy 

A 72a*c2 

35a:*y« 

5. What IB the product of ■ , and f— L_?t 

2a — oj a — 2aj 

Ans. ??!±^^±^. 
2a2-5aa;H-2ic2 

Note 1. The same factor or factors occurring in any 
numerator, and also in a denominator, may be cancelled in 
both. 

Example. Express in its simplest form, -^ x — x — . 

^ 76 9c 15y 

3a 53 28x_a 1 4a;__4aa; 

lb 9c 15y~"l 3c 3y~"9^' 

Exercises. Find the respective products of the fol- 
lowing quantities. 

6. -J— and -—-. Ans. ttt— o* 

4aj 13a; ISa;^ 

» 9a J , 2c . 3ac 

106 3c^ 56(i 

8. —7- and — . Ans. +a6. 

a 

9. +^ and --??. Ans. -^. 

22w« 9m* 66mn 

10. 7, -, and -. Ans. -. 

bed a 

12. 1^ and -^. Ans. -i±IL. 
2x + 3y 4a; -6y 4x+6y 

13. ^ and /'+f',. Ans. ^. 
a^-^b^ a^-2ab-\-P a-b 

Note 2. WTien the product of integral quantities andjrac- 
tions is required, the former must be multiplied into the 
numerators of the latter, or previously made into fractions 
having their denominator 1. 
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Example. What is the product of the quantities Sa^y 
— , and 



3a:* 4a h _x a b_abx 

— — — X X —-— — "^ ^ ^"z X — — • 

1 a; 12y 1 1 y y 

Exercise 14. Multiply together -—-, — — , and 18mn. 

oon om 

15. -?^ +20bz, and -^. Ans. +18a. 

4c;y Dcz 

Note 3. To multiply a fraction by an integer equal to the 
denominator of the firKtion, we merely remove the denomina- 
tor. The numerator, taken as an integer, is the answer. 

Q 

Exebcise 16. Multiply j hy 4 Ans. 3. 

17. Multiply f^ by Ubx. Ans. 37ay. 

Note 4. To multiply a fraction by a whole numher^ when 

that ntmber is a multiple of the denomiruitory — divide the 

whole number by the denominator, and multiply the 

numerator by the quotient: the resulting integer is the 

answer. 

7a 
Example. Multiply -- by \2xy. 

12a^ -r 3ic = 4y. 
7axAy = 28ay, Ans. 

Q 

Exercise 18. Multiply - by 12. Ans. 9. 

19. Multiply -—r- by Zoab. Ans. 21a*aj. 

20. Multiply | + |-|byl2. Ans. 4a + 35- 2c. 

21. Multiply ^±^ hjc^-a?. Ans. (a + x)\ 

a—x 

Note 5. Mixed quantities may be multiplied either by 
first reducing them to a fractional form, or as compound 
quantities. 

Exercise 22. Multiply a+- into a — -. 

. a^<^^\? 2 I? 

Ans. s — or a* — k« 
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Problem X. 
To divide one Fraction hy another. 

Rule. Invert the divisor, and multiply by it when so 
inverted ; or, in other words, multiply the dividend by the 
reciprocal of the divisor. 

The sign follows the same rule as in division of integers. 

Example. Divide 'S^^' by ^p. 

Ixyz \\z 

Ixyz ' llz Ixyz V2d^h Ixy 

Note 1. If one of the two given quantities — viz., either the 
divisor or the dividend — is an integer, the other being afractum, 
we proceed in the same manner, first changing the integer 
into a fraction by giving it the denominator I. 

Exercise 1. Divide - by -. Ans. _-. 

y a hy 

2. Divide - by -. Ans. -. 

y z y 

3. Divide --—2 by --. Ans. ^-— . 

13 a;^ ^ 4.x 13a; 

4. Divide + ~^by -9a6. Ans. -|2^. 

5. Divide -9a6by 4-^. Ans. -|li' 

^ n 20a2 

6. Divide -?^by -,^. Ans. +|?. 

bhd ^ lOh Zd 

rr T^• -J c^-Vab. a^-\-ah^ a a^ — h^ 

7- ^^^^^ ^rr ^^ a-rZ256T^- ^«- 5^3- 

8. Divide p^ by f^^^. Ans. -^±iL. 

4a; + 6y 2a; + 3y 4a;- 6y 

Note 2. T^i^en ett^ t^ divisor or the dividend is a mixed 

quantity, it may either be reduced to a fraction or be 

treated as a compound quantity. 

ExEBCiSB 9. Divide a;-?^by-. 

a a 

Ans. — H^ ora-^. 

X X 

10. Divide a^ — -. by a 4--. Ans. — ^ or a 

re c c 
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CHAPTER X. 

INVOLUTION. 

Involution is the method of raising any given quantity 
to any given power. 

Problek I. 
To find any proposed Power of a simple Quantity. 

Rule. Multiply the exponent of every Uteral facUyr by 
the exponent of the proposed power, and to the result pre- 
fix the same power of the given co-efficimtj as found by 
Arithmetic. 

When the sign of the given quantity is +9 that of every 
power will be + ; and when the sign of the given quan- 
tity is — , that of its even powers will be +, and of its 
odd powers — . 

Note. It will be recollected, that when no exponent is 
expressed, it is understood to be 1. 

Exercise 1. What is the cube, or third power, of a* ? 

Ans. a^. 

2. What is the square, or second power, of 7a*5* ? 

Ans. AQa}%\ 

3. Find the fourth power of — 5ay*. 

Ans. +625a;*y^ 

4. Compute the seventh power of — 2a^V. 

Ans. -128a^6iV^ 

Problem n. 

Tofiand any proposed Power of a compound Quantity. 

Rule. Raise it to that power by actual multiplication. 
The number of &ctors will, of course, be the same as the 
exponent of the proposed power (See Chap. L, Def. 20) ; 
and, consequently, the number of operations will be one 
fewer. 

Exercise 1. Find the square of a+h. 

Ans. a* -v^ab-v^^ . 
2. The cube of a-^. Ana. a? -'iaH^^ob^ ->>'' 

35 



36 ALGEBRA. 

3. The second power of 7ar— 9y. 

Ana. 49a^ - 126ay -f- Sly*. 

4. The fourth power of 6x — 1. 

Am. 625a:*-500a:» + 150«»-2arH-l. 

5. The fifth power of 2m~8n. 

Ans. 327»*-240TO*nH-720TO«n«-1080wa«n»H-810fiin* 
-243n«. 

6. The seventh power of a: — y. 

Ans. x^ - 7«V + 21a?y - SSxV -f- 35a:y - 21a:«y^ 

7. The second power of « — 2y + Sz. 

Ans. a^ - 4ay + 6a»r + 4^^ - 12y;2r -f- 92r«. 

8. The third power of 4a* + 5a. 

Ans. 64a«-f-240a« + 300a*4-125a». 

9. The square of 1 + ^x. Ans. 1 + 2 V^ + ^* 

10. The cube of x--^. Ans. ic»-2a;«+^a-J. 

3 3 27 

11. The square of ?+-. Ans. ^ + 2 --f-^-I- 



Problem m. 

To raise arky given Fraction to any proposed Power, 

Rule. Raise its numerator and denominator separately 
to that power. 

■rrr, 20^ 

Exercise 1. What is the fifth power of 



2. What is the square of ?-ll5 ? 

^ a-3 



. 32a*6^® 
Ans. ^,^ ,- . 

243y" 



An8. ''' + ^0«+f. 
a*-6a4-9 



CHAPTER XI. 

EVOLUTION. 

Evolution is the reverse of Involution. It is the method 
of finding any proposed root of any given quantity. 
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Problem I. 
To find any proposed Boot of any given simple Quantity, 

Rule. Divide the exponent of every UtercU/actor in the 
given quantity, by the exponent of the proposed root, and 
prefix ^e proposed root of the given co-efficientj as found 
by Arithmetic. 

JVhen the sign of the given quantity is — , the extraction of 
any even root is impossible, and any odd root will have 
the sign — . When the sign of the given quantity is +» the 
sign of every odd root is +, and the sign of every even 
root either + or — . 

Note. The results may be proved by involution. 

Exercise 1. What are the square roots of +a^ and 

2. What are the cube roots of + a* and — a* ? 

3. Find the square root of 9a^.' Ans. =b 3a. 

4. The cube root of Sa\ Ans. 2a. 

5. The fourth root of Slx^Y. Ans. =fc3«^^ 

6. The third root of - 125a::^y. Ans. - 5aj*y». 

7. The sixth root of — 6a*. 

8. The cube root of 343a2. Ans. 7ai. 

9. The square root of 5*4756 x a^\ Ans. 2-84 x a*. 

Problem n. 

To find the Square Boot of any given compound QuawtOy. 

Rule. 1. Arrange the terms of the given quantity accord- 
ing to the powers of one of the letters. Find the square 
root of the first term by the preceding problem, and place 
it as the first term of the required root. 

2. Place the square of the root thus found under the 
first term of the given quantity, to which, of course, it 
will be equal. Bring down the two next terms of the 
given quantity for a dividend, and twice the first term of 
the root for a divisor. 

3. Divide the first term of the said dividend by the first 
term of the divisor. The quotient will be the second term 
of the root, to which it must be annexed with its ^ro^T 
sign, as also to the divisor. 
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4. Multiply the divisor, thus enlarged, by the second term 
of the root, and subtract the product from the last dividend. 

5. To the remainder bring down two more terms of the 
given quantity, and use that as a new dividend. The new 
divisor will be the double of that part of the root already 
found. 

6. Proceed with the new divisor and dividend as with 
the previous ; and so on until there is no remainder, and 
no more terms to be brought down, or as &r as may be 
thought necessary if the remainder do not disappear. 

The whole process is exactly similar to that in common 
Arithmetic. 

Example. Extract the square root of a*— 4a*ft -f 6a*i* 
- 4aft8 +b\ 

a4 _ 4^8 J -h ea^b^ - 4ad« + h\ a^-.2ab + bK 
a* 

2a2 - 2a6 ) - Aa^b + 6a^b^ 
- Ac^b + 4a232 



2a2 -A:ab + b^ )2a^b^ - 4aft« + ¥ 

2c?¥ - 4aft8 4- b^ 

The required root is, d^ — 2ab + 6*. 

Exercise 1. Find the square root of rr* + 2a;y + y*. 

Ans. x-^y, 

2. Of 9m^ - I2mn -\- 4/1^. Ans. 3m - 2n. 

3. Oi x^-2a^f + i/^-\^2si^z^-'2fz^+z^. 

Ans. a^ —y^ + z^, 

4. Of a« - 4«« - 2a* + 12a« + 9a\ Ans. a^ - 2a* - 3a. 

5. Oi ^'-12xy-^9f-^Uzz-24:7/z + iezK 

Ans. 2a; — 3yH-4z. 

6. Of 25a2-hl0ai-2ac + ft2_2^^^ 1^ 

5 25 

Ans. 5a 4- ft — ^ c. 

5 

7. Of 9x^ - 12ar« + 10a:* - 28a;* + ITa:* - 8* + 16. 

Ans. 3a;* - 2a;* -f- a? - 4. 

Note 1. In each of the preceding answers the signs may 
be changed (provided we change all of them), and the re- 
sult will be another answer equally correct. 

Note 2. The extraction of other roots than the second 
is a cowpUcated process, and seldom required. 
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CHAPTER XII. 
PROPORTION. 

DEFINinOKS. 

1. When the first of four quantities contains the second 
as often as the third contains the fourth, the four quan- 

16 12 
tities are said to be ProporHoncU. Thus, since ~ = -_ , we 

say, 16 : 4 : : 12 : 3 ; and if j= j> then a : h : : c : d. 

Note. When we speak of the first containing the second 
as often as the third contains the fourth, we mean that the 
quotients are equal, whether they be integers, fractions, or 
mixed numbers, or even if they be roots or other expres- 
sions not convertible at all into definite numbers. Thus, 

3:4:: 9 : 12, because ? =-|. Also 2 : V20 :: 3 : V45, 

although we cannot express either 2 -r V20 or 3 h- V45 
exactly, in numbers, at all. 

2. When four quantities are proportional, the first is 
said to have to the second the same Baiio which the third 
has to the fourth. A proportion, therefore, expressing 
the equality of two ratios, is sometimes written thus, 
16 : 4 = 12: 3, which is read thus, — ^the ratio of 16 to 4 
is equal to the ratio of 12 to 3. 

3. The first term of a ratio is called its Antecedent, 
and the second its Consequent. Thus, in the proportion 
16 : 4 : : 12 : 3, the antecedents are 16 and 12, and the 
consequents 4 and 3. 

4. The first and fourth terms of a proportion are called 
the Extremes; and the second and third, the Means, 

6. The fourth term is said to be a Fourth Proportional 
to the other three. 

6. When the first of three given quantities has the same 
ratio to the second, which the second has to the third, the 
last is called a Third Proportional^ and the second a Mean 
Proportional to the other two. 
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Theorem I. 



In any proportion the product of the extreme terms is equal to 

the prodiict of the means. 

Thus, since 3 : 4 : : 9 : 12, we have 3x12=4x9 ; and, 
generally, if a : b :: c : d, then ad=be. 

Note. This theorem forms a good criterion for deter- 
mining if four given quantities are proportional. 

Exercise 1. Are the numbers 51, 85, 39, and 65 pro- 
portional ? 

2. Is it correct to say, — As 28 : 42 : : 46 : 70 ? 

3. Are the four quantities 8a, 12bj^x, 10-=, and 15 V^ 

6 

in proportion ? 

Theorem n. 

If three quantities are proportional^ the product of the extremes 
is equal to the square of the m,ean. 

Exercise 1. Are the three numbers, 336, 420, and 525, 
proportionals ? 

2. Is 36a^rc^ a mean proportional between 54aa^ and 
24a«aj ? 

Theorem ni. 

If the product of two quantities he equal to the product of two 
others^ the four are proportionals^ making the factors of the 
one product the m^eansy and the factors of the other the extremes. 

Exercise. Since 8x15 = 10x1 2, show how many 
proportions can be stated among these four numbers. 



Theorem IV. 

If four quantities are proportionals^ they cere cdso proportionals 

when stated inversely. 

Thus, if a : h :: e : d^ then h : a :: d : c. 
Exercise. Take the proportion, 75 : 100 : : 57 : 76, 
and state it inversely. 
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Theorem V. 

If four quantities are proportumals^ they are also proportionals 

when stated altemateli/. 

Thus, i£ a : b :: c : d, then a : c : : b : d. 
Exercise. Since 20ax : 15bx : : 12ay : 9%, state the 
proportion alternately. 



Theorem VI. 

When fottr quantities are proportionals^ we may multiply or 
divide either of the extremes hy atiy number^ provided Aat we 
multiply or divide one of the means by the sam^e number^ 
and the proportion tvill still hold good. 

Thus, if a : b :: c : d, then Sa : Sb : : c : d, and 
5a : b : : 5c : d. Also, - : b :: - : d, &c., &c. In 

general ma : mb :: nc : nd, and ma : nb :: mc : nd, m 
and n being any numbers, integral or fractional. 

Exercise 1. Change the first and second terms of the 
proportion 40 : 60 : : a; : ^ into smaller numbers. 

2. Change the proportion ^ ' ^ • - i '- y-t into an- 
other containing only integral terms. 

3. The same with the proportion _- : ^r ::-:-. 

3 2 6 5 

Ans. 2a : 5^ : : c : 2d 

4. Change the proportion {a-^-xf la^—x^ii Ibm^ : 25mw 
into one with simpler terms. 

Ans. a + x : a—x : : 3w : 5w. 



Theorem Vn. 

If four quantities be proportionals^ like powers or roots of those 
quantities wiU also be proportionals. 

Thus, \i a : b :: c ', d^ then a® : 6* : : c^ : : rf', and 
i^a : t^b : : \/c : \/6?, &c., &c. 
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Exercise 1. Square all the terms of the proportion 
25 : 35 : : 15 : 21, and try if the results are proportional, 
by Theorem I. 

2. Change the proportion da^ : 25^^ ; ; 4c* : 36rf*, into 
one composed of simpler terms. 



Problem I. 



To find any Term of a Proportion, the other three Terms 

hemg given, 

KuLE. If the required term is one of the means, divide 
the product of the two extremes by the other mean. But 
if the required term is one of the extremes, divide the 
product of the two means by the other extreme. 

Exercise 1. Supply the blank term in each of the fol- 
lowing proportions : — 



4 

20 

102 

13a 
2a 

a -\- X 



5 
15 

84 
15a 

3V^ 



12 

78 

70 

IZx 



a 



39. 

130. 

98. 

21a. 

b. 



Ans. 15. 

52. 
170. 

60. 
15r. 

14 ?1 
a 



Exercise 2. Two quantities are to each other as 3 to 4. 
If we call the former of the two 3ic, what must we call the 
latter ; and if we call the latter 60«, what must we call the 
former ? Answers : 4a; and 45a;. 

Example. If A, working alone, can do a piece of work 
in 3 days, and B, working alone, can do it in 4 days, in 
what time will they do it working together ? 

Let V) represent the work. Then, in one day, 

A does 



w = 



B does \w = 



3 



Wy 



Consequently, working together, they will do ^ tr in one 
day. But the quantity of work done is proportional to 
the time employed upon it, when all other circumstances 
are the same. 



Therefore 



T^w 



w :: 1 day : time required. 
42 
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The time required is therefore the blank term, which, 
fomid by the nde, is ^ of a day, or If. 

ExBBCiSE 3. If a gardener alone could dig a piece of 
ground in 10 days, and his apprentice alone could dig it in 
12 days, in what time will both finish it, working to- 
gether ? Ans. In 5i^ days. 

4. There are three pipes which communicate ^th the 
same dstem. The first, when running alone, takes 24 
hours to fill the cistern ; the second, 20 hours ; and the 
third, 18 hours. In what time will they fill it all running 
together ? Ans. In 6ff hours. 

5. A man and his wife found that a cheese, of the or- 
dinary size used by them, usually lasted a fortnight when 
they were both at home; but when the husband was 
absent, it lasted his wife 5 weeks and a day. How long 
would it serve the man when his wife was absent ? 

Ans. 22H days. 

Problem n. 

To find a mean Proportioned between two given Quantities. 

Rule. Multiply the two given quantities together and 
extract the square root of their product. 

Example. Find a mean proportional between 4a^ and 

ExBBCiSE 1. Find a mean proportional between 49 and 
144. Ans. 84. 

2. Between 9x^ and 64a^. Ans. 24rcy . 

3. Between (a-j-o;)* and (a — xy. Ans. a*— «*. 



CHAPTER XIII. 
EQUATIONS. 

DEFINITIONS. 

1. When two quantities are equal, the expression of that 
equality is called an Eqiiation. 

2. When two quantities are necessanlji ^o^^di V^^ ^ss^^ 
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when they are equal under every value that can be assigned 
to each letter, or when they consist of equal combinations 
of particular numbers), the quantities are said to be Iden- 
ticdl^ and sometimes the equation itself, expressing their 
equality, is designated by the same word. Thus 6 + 4 
= 2x6, and (a-f a?) x (a — x) = a^ — rr^, are identical equa- 
tions, or equations of identical quantities. 

3. When an equation (not identical or impossible) con- 
tains an unknown quantity mixed with known quantities 
(as ^a^ — 6x = 2), its value is said to be implicitly expressed 
by the equation : that is, the equation contains enough to 
render the value of the unknown quantity determinate, 
although it does not directly inform us what that value is. 
But when a quantity previously unknown is brought by 
any means to stand alone on the one side, and known 
quantities only on the other (as a;= a+6), we then have 
the value of the previously unknown quantity eocpUciUy 
declared. 

4. Equations are applied to various uses ; but their 
peculiar purpose, when treated as a separate branch of 
Algebra, is to enable us to obtain explicitly the values of 
imknown quantities, firom given equations in which those 
values are only implicitly expressed. Thus, if we have 
given the equation, ^a7+^= 10, that equation, after cer- 
tain operations, is transformed into a; = 12. We are then 
said to have solved or resolved the given equation ; and the 
process by which we do so, is called the Solution or Re- 
solution of Equations. 

5. When equations are thus used for the determination 
of imknown quantities, they are distinguished by different 
names, according to the lughest power of any unknown 
quantity involved in them. If an equation, when cleared 
of fractions and roots, contains no power of any unknown 
quantity higher than the first, it is called a Simple Equa- 
tion ; if none higher than the second, a Quadratic Equation ; 
if it contains the third power and no higher, it is called a 
Cubic Equation; and if the fourth power and no higher, a 
Biquadratic Equation. 

For the solution of equations generally we must have 
recourse to one or more of the processes described in the 
following rules. Some of them are first principles, or 
nearly so : the others are derived from these, or, in fact, 
are mere repetitions of them in different forms, one form 
being sometimes more convenient, sometimes another. 
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Gksxrjll Rules. 

1. Equal qoantities* maj be added to both sides. 

2. Equal quantities* maj be taken firom both sides. 

3. Both sides maj be multiplied bj equal quantities.* 

4. Both sides maj be divided bj equal quantities.* 

5. Both sides maj "be raised to the same power. 

6. The same root of both sides maj be extracted. 

7. For anj qnantitj its equal maj be substituted. 

8. Anj term maj he transposed from the one side to the 
other, if its sign be changed. 

9. AU the terms on b&th sides maj be transposed with- 
out changing anj of the signs. 

10. AU the signs of both sides maj be changed, without 
transpoong anj of the terms. 

Anj of these operations maj be performed, and the 
equalitj wiQ still be preserved. 

The Objects to be attained bj the application of these 
roles, are^ 

Isi, To bring all the terms containing unknown quan- 
tities to one side (that side being almost invariabl j the left), 
and all the other terms to the other side. 

2d. To produce an equation containing onlj one un- 
known quantitj. 

3dL To clear the unknown quantitj of all co-efficients, 
divisors, and exponents of powers or roots, so that, at last, 
it maj stand out alone on the one side, and its value in 
known quantities on the other. 

These objects are not alwajs to be attained in the order 
here described, but sometimes in one order, at other times 
in another, according to circumstances. 

In the case of simple equations with onlj one unknown 
qnantitj, the circumstances and modes, in which the differ- 
ent rules should be emplojed, will be almost obvious if we 
keep in mind the objects to be attained ; but the j will be 
still better understood from the examples. In the cases of 
equations involving more than one unknown quantitj, and 
of quadratic and higher equations, particular rules become 
necessarj. 

When there is onlj one unknown quantitj, one equation 
is alwajs sufficient f to determine its value : but if there 



• Or the Mine qntnUtj. t^nteM^\Miii\AiRi^d«iii«fi(QadQ0Bu 
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are more unknown quantities than one, there must be as 
many independent equations. 

When the value of an unknown quantity is found, it is 
often usefiil to prove the result, by inserting that value, 
instead of the unknown quantity, in the original equation. 
If the value found is correct, the equation becomes identical. 



CHAPTER XIV. 

SIMPLE EQUATIONS. 

Problem I. 

To resolve a simple Equation containing one unknown Qaantiiy, 

Rule. Apply one or more of the General Rules given 
in the last chapter, in such a way as to attain the Objects 
there specified. When at last the unknown quantity has 
been brought to stand alone on the left side, and its value, 
in known quantities, on the right, the equation is resolved. 

Example 1. Having given ^ — 5 = 7, to find the value 

Adding 5 to each side, by Rule 1, we have 

a? =12. 
Proof. 12-5 = 7. 
Note 1. In subsequent examples it will be unnecessary 
to give the proof; but it may be useful for the learner to 
apply it in many, or all, of the exercises. 

Exercise 1. Given a; — 17 = 24, to determine x, 

Ans. a? = 41. 
2. Given y - 36 = - 19, to find y. Ans. y = 17. 

Note 2. Li the following examples and exercises, when 
we say merely that a certain equation is given, it is under- 
stood that we are to determine the value or values of the 
unknown quantity or quantities expressed by the letters 
x^ y, z. 

Example 2. Given a? + 5 = a. 

Subtracting h from each side by Rule 2, or transposing 
it from the left to the right by Bule 8, we have 

oj = a — 6. 

Exercise 3. Given, a; + 15 = 20. Ans. x = b, 

4. Given, x + 'dc = bh, Ans. x — bh — 3c. 
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Example 8. Given, 5a-z = 2h. 

• Then, by B. 10, ^ = 5a - 2ft. 
£xbrci8b5. Given, 128-jr = 46. Ans.2r = 82. 

6. Given, 36 —y = — 15. Ans. y = 51. 

ExASiFLB 4. Given, ax = e. 
Dividing both sides by a. by Rule 4, 

c 

a 
ExsBCiSB 7. Given, 7x = 35. Ans. a: = 5. 

8. Given, 52a: = 130. Ans. x = 2^. 

Example 5. Given, - = b — e. 

a 

Multiply both sides by a, by Bole 3, the fraction being 

multiplied according to the rule in Note 3 of Pr. IX, Ch. 

IX. Then we have 

x = ab — ac, 

ExEBCiBE 9. Given, - = 8. Ans. x = 40. 

5 

10. Given, ? = a + ft. Ans. y = oft + ft*, 

ft 

Example 6. Given, 125 - ~ = 41. 

4 

Proceeding by successive operations, we have — 

By Rule 2, 84-??= 0. 

4 

ByBule3, 336-3a?= 0. 

By Rule 8, - 3a;= - 336. 

By Rule 10, Sx= 336. 

By Rule 4, x= 112. 

Exercise 11. Given, 4a? + 56 = 17a; - 35. Ans. x = 7. 

12. Given, ^=45. Ans. x = 108. 

13. Given, 2y - 3a = 10ft. Ans.y = ?a + 5ft. 

14. Given, |i-63 = -42. Ans.« = 30. 

15. Given, 3a-^=Sc. Ans. x = 20a - 53^. 

,^ r»- 62r-4 « 18-42? . . , 

16. Given, — - — -2= — \-z. Ans. 2; = 4. 

Note 3. When several fractions occur with different de- 
nominatOTB, and all involving tbe Txi!Aai<(s?rDL ^j^oas^oft^^^ ^^ 
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fractions may be changed into whole numbers either by 
multiplying by their denominators successively, or by mul- 
tipl3ring at once by any common multiple of all the deno- 
minators. The shortest mode, and perhaps the easiest, is 
to multiply at once by the least common multiple of the 
whole, observing the rule contained in Note 4 to Problem 
IX of Chapter IX. 

Example 7. Given, ? + ?-?= 38. 

Here the least common multiple of all the denominators 
is their product 30. We therefore multiply at once by 
30, by Rule 3, and find 

15a; + 10a;- 6a; = 1140. 

That is 19a; = 1140. 

By Rule 4, x = 60. 

Exercise 17. Given, %+'^= 147. Ans. x = 126. 

Example 8. Given, ?f-|+^ = 100. 

The least common multiple of 4, 6, and 9 being 36, we 
multiply all the terms by that, and we have 

Or 41z = 3600. 

By Rule 4, z = 87|f . 

Exercise 18. Given, ^ - Z? - 64 = 0. Ans. x = 480. 

19. Given, ^-^-9 = ^-1 Ans. a; = 108. 

6 4 3 2 

20. Given, ?^ - 75 = ~ + ^. Ans. a; = 336. 

21 12 16 

21. Given, ?+^ = ??^-6. Ans.y=18. 

22. Given, ?izl? -12= ?1^-:?^^ 

4 2 6 

Ans. a; = 9. 

23. Given, ??=12-^. Ans. 5^ = 12. 

y y 6 

24. Given, 8-?^=??+|i. Ans.z^7. 

z 2z 3z 

25. Given, -JL. - 7 = 24. Ans. y = 31- 

4-3^ 

Note 4. When a fraction, having its numerator a com- 
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pound quantity, is preceded by a negative sign, we must 
either transpose the whole fraction, changing its sign, or 
we must keep in mind, that, in reducing it to an integral 
form, the vinculum is removed (See Chap. I, 33), and must 
therefore change all the signs of the numerator (See Chap. 
IV, Rule 4.) 

Example 9. Given, Qx-fr^ = bl. 

5 

2x — B 
Transposing the fraction, 6a: = 51 H — . 

5 

Multiplying by 5, 30a: = 255 + 2a:- 3. 
Hence 28a: = 252, and a; = 9. 
Or thus: — ^Multiplying by 5 without transposing, and 
observing Rule 4 of Ch. IV, 

30a:-2a:4-3 = 255. 
Hence 2Sx = 252, and a: = 9. 

Exeecise 26. Given, -^~ ^7" =11. Ans. x= 7. 

2 4 

27. Given, 5a: + 1^±^ - ^^ = 28. Ans. x = 4. 

28. Given, ^^^^^ = 10^^ ^i±^. 

'4 3 ^9 

Ans. X = 18. 
Example 10. Given, ^3a: = 12. 

By Rule 5, 3a: = 1728. 
By Rule 4, a; = 576. 

Exebcise 29. Given, V7a: = 35. Ans. a? = 175. 

30. Given, 5Va? + 12 = 27. Ans. a: = 9. 

31. Given, ^(y - 35) = 15. Ans. y = 260. 

32. Given, V(4^ + 3) = 3. Ans. 2:= 6. 

33. Given, ^(192; + 13) = v^(59 - 4x). Ans. a: = 2. 

34. Given, V(y + d) = l + */y. Ans. y = 16. 

35. Given, l^^ulf - 2 = V 5^ - 3. Ans. ;? = 5. 

V5<e: + 3 

Example 11. Given, a:-|-3 : a: — 3 :: 5 : 4. 
By Ch. XII, Th. I, 5a: - 15 = 4a: + 12. 
Hence, a; = 27. 

Exercise 36. Given, 2a; : a; + 20 : : 9 : 10. 

Ans. X = 16^. 

37. Given, H+^ : ^^^ : : 14 : 5. Ans. x = 4, 

5 7 
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38. Given, llzi? .. ll±^-2x : : 5 : 4. 

4 3 

Ans. x = 3. 

PfiOBLEM n. 

To find the Values of two unknown Quantities, from two 

independent Equations. 

Rule. Having simplified and arranged each equation, 
if necessary, by changing fractional quantities into integers, 
and collecting all the terms containing one of the unknown 
quantities into one term, all those containing the oth^r 
unknown quantity into another term, and all the known 
quantities into a single group, as in the following examples, 
and by processes exactly the same as those in the preced- 
ing problem, each equation will then appear in the form, 
ax-\- by = c, in which a, 6, and c may be any known 
quantities whatever, simple or compound. We then, from 
the two equations combined, produce one resulting equa* 
tion contsdning only one unknown quantity, from which 
the value of that quantity is found by Problem I. This 
resulting equation may be obtained by any one of the three 
methods presently to be described. 

When the value of the one unknown quantity has been 
found, it is inserted, instead of that quantity, in either of 
the two original simplified equations, and we obtain another 
equation, containing only the other unknown quantity, also 
to be resolved by Problem I. 

Method First. In either equation treat one of the 
unknown quantities as if it were known, and find the value 
of the other in terms of the first and of known quantities. 
Having found that value, insert it, instead of its equivalent 
letter, in the other equation. That equation will then 
contain only one unknown quantity. 

Method Second. From the two equations, treated 
separately, find two separate values for one of the two un- 
known quantities in terms of the other and of known quan- 
tities, in precisely the same manner as we found one value 
from one equation by Method First. The two values thus 
found being, of necessity, equal, give us a resulting equa- 
tion containing only one unlaiown quantity. 

Method Third. Multiply each side of both equations 
by such numbers as will equalize the two co-efiicients of 
one of the unknown quantities. We have thus two new 
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equadoDfl, the sum or difierence of which is our resulting 
equation ocmtaining onlj one unknown quantity. 

Note 1. The quanti^ which disappears in the resulting 
equation, is said to be dmmated. 

Note 2. In following the third method, it may be that 
the two co-efficients of one of the unknown quantities in 
the giyen equations are equal at first (as in Example 2) : 
in that case no multiplication is necessary. Or one of the 
giyen co-efficients may be a multiple of the other (as in 
Example 3) ; in that case only one equation requires to be 
multiplied. In general, the two co-efficients will be ren- 
dered equal if we use each as a multiplier of the other 
equation (as in Example 1) : but the operation is £su:ilitated 
if we previously divide the co-efficients by their greatest 
common measure (if they have a common measure greater 
than 1), and use the quotients as the multipliers (as in 
Example 4) : in this case the two co-efficients obtained by 
the multiplication are each the least common multiple of 
the two original co-efficients. Similar modifications may 
be made in Methods First and Second. 



Example 1. 



<^^«° {£ _ Jj = 12',} to find ^ and tf. 



By Method FirsL 

Prom Equation 1*, x= -^^. 

Inserting this value for x in Equation 2, 

3x^±??-4v=12. 
2 ^ 

That is, ^1+^-4^=12. 

Or 21 + 9^-8^=24. 
.•.y=3. 

By Method Second, 

FromEq. 1, a: = L±^. 

2 

* That ig, the first of the two ^ireu eqouk^^oT^ik. 
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FromEq.2, a: = ll±^. 

. 7 + 8y_ 12+4y 

2 3 

Multiplying by 6, 21 + 9^^ = 24 + Sy. 
Hence y= 3. 

By Method Third. 

Multiply Eq. 1 by 3. Then 6a; - 9y = 21. 
Multiply Eq. 2 by 2 6a? - 8y = 24. 

Subtract the first of the two new equations from the 
second. Then 

y=3. 

Having now found ^= 3 by each of the three methods, 
the remainder of the process is the same for all three : that 
is, we insert 3 for y in either of the two given equations 
say in the first, and we have the resulting equation, 

2ar-9=7. 
Hence x=S. 

Example 2. Given "ji^Zi^ Z _oi'r ^ determine 

and y hy Method Third, 

Subtracting Eq. 2 from Eq. 1, 8j^= 72. 
Hence we find y= 9, and a; =6. 

Example 3. Given iio^Zt^ Ziio'r to determine ar 

and y hy Method Third. 

Doubling Eq. 1, 10a; -3y= 78. 

Subtract this from Eq. 2. ^y^^y^ 34. 

Hence y= 14, and x= 12. 

Example 4. Given < g^ j] I0v= 156* \ ^ ^^ ^ *"^^ ^ 

hy Method Third, 

The greatest common measure of 12 and 8 is 4. 12 ^ 4 
= 3 ; and 8-^4 = 2. Therefore we multiply the two given 
equations respectively by 2 and 3, and obtain 

24a? 4- 6^=228. 

24a? + 30^=468. 

By subtracting, 24^=240. 

Hence, y = 10, and a;= 7. 

Note 3. The third method of operation is usually the 

most pleasant, from the absence of fractions. It is also 

frequently BupeiioT to the others in point of &cility, and sel* 
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dom inferior. It is therefcnre the best mode, although the 
others may be practised. 

Example 5. Given "JiVpToM^sek ^ ^°^ ^® values 

of X and y ^ Method Thard. 

Here we find it the easiest mode to eliminate if. We 
therefore moltiplj the second equation bj 2, and add the 
{yrodnct to the first. We then have 

43;r=86. 
Hence x= 2, and jf = 3. 

Note 4. In peculiar circumstances we may occasionally 
deviate a little firom the direct process by either of the three 
methods — sometimes with advantage. Thus, returning to 
Example 1, if we had b^un by subtracting £q. 1 from 
Eq. 2, we should have had x—y— 5, and ;r=y + 5, which 
would have been a simpler value to substitute for x by 
Method First, or to use as one of the two values of x by 
Method Second* We might also, if we had chosen, have 
nsed it instead of Eq. 2, in following the Third Method. 



Exercise 1. Given 



(a;+y=25, 
\x-y- 7. 



Ans. - 



(x = 16. 



2 Given 1^^ + 4^ = 72, 
I. iTiven |6^_3^^3o. 

3 Given 13^+7^= 117, 
6. l^iven |i2a?-5y= 72. 

(7a: + 3y = 
(9x+ y= 

('73a?+4y=446, 
(50a;-6y=288. 

(a?+y = 20, 
\x-ry^ §. 

a?2-/^21, 



Ans. 



Ans 



(.r = 8, 
\y = y\, 

J.r = ll, 



Ans. 



Ans. 



7. Given 



8. Given 



9. Given 



= 122, 
144. 



(;r = 2, 

ly=3. 

(;r=l. 



Ans. 



10. Given 



11. Given 



\x --y = 



1. 



7^5^ + 13^^=660, 

398. 
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\x= 8, 
iv=12. 



. i^ = ll< 

Ans. \ -^^ 

(y = io. 
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— g— + « = 8, 
7y-Sx 



12. Given ^ . ^« '^ " Ans. \^=^ 

-y=ll. <^='- 



2 
7 + iB 2x-z 



= 3^-5, 



13. Given J _^ ^ .^ o Ans. |^=^' 

L 2 6 

14. Given ft^-f = ^2' ^ Ans. |*=J^ 

16. Given ft+f/ ^7^ V ^ = ^^ Ans. {*=^|' 

(3a; + 4 : 6^ — 4 : : 5 : 3. (y = 2f. 

5a; + 13 8y-3a?-3 _ q , 7a;-3y 

K n •* « K 9 



16. Given 



6 8 

Ans. a; = 5, y = 4. 



Pboblem m. 

To find the VcUties of three or more unknown Quantities 
from a& mcxny independent EqtuUums, 

Rule. There are three methods of proceeding, corres- 
ponding to the three methods of the last Problem, bj any 
one of which a new set of equations is produced, one fewer 
in number, and entirely cleared £rom one of the unknown 
quantities. By repeating the same process with the new 
set of equations, another of the unknown quantities is 
eliminated ; and so on till only one remains, the value of 
which we find by Problem I. 

Ta; +y + 2f= +6, 
Example. Given •<2a;+3y--4;»= —4,^ to find x, y, 

(3a;+% 
and z. 



h^= +6, ) 
-4»=-4,>. to 
-62^= +1,) 



By Method First, 

From Eq. 1, x=6—y—z. 

Inserting this value in Eqs. 2 and 3, 

we have 2(6— y —2?) + 3^—4? = —4, 
and 3(6-y-«)-V8t/-62= -Vl- 

54 



SIMPI^E EQUATIONS. 55 

These two equations, simplified, become 

y^^z= —16, and 

We have thus found two equations containing onlj y 
and z. 

By Method Second, 
From the three given equations, separately, we obtain 

^= 2 ' 

X 

And, equating these with each other, two by two, 
we have ^—y — z = ^ , 

and S—y—z= -^-^ — . 

^ 3 

These two equations, simplified, and cleared of fractions, 
become 

y — 6z= —16, and 
5y — 92? = — 1 7, as before. 

By Method Third. 

From Eq. 1, 2a!+2y-{-2z=zl2y 
and dx + 3^ + Bz=lS. 

Subtract these, severally, from £qs. 2 and 3. 

y — 6^?= — 16, and 
5y — 9;2f = — 17, as before. 

Having thus, by each of the three different methods, 
obtained the same two resulting equations containing only 
y and z, we proceed to find the values of y and z by 
Problem II, — ^viz., 2 and 3, — ^and then, inserting these 
values for y and z in £q. 1, we obtain another resulting 
equation containing only a;, viz. ^ + 5 = 6, from which we 
findd;=l. 

Note. In working this example we might have deviated 
from the direct process with advantage, by first subtract- 
ing £q. 1 from Eq, 2, and then Eq. 2 from Eq. 3. The 
two new equations, along with Eq. 1, would have been 
more easily treated by any of the three methods, than our 
three original equations. 
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Exercises. 

1. Given <x+y-'Z = 20, 

(x-'i/ + z= 4. 

(2x-^2y-Sz = 18, 

2. Given hx-'2y+ z = 20y 

(4a; — 4y— z= 2. 

( x- y-\- z= 8, 

3. Given -l a; + 2y + 3-2:= 84, 

{x-y=2, 

4. Given -}:y+z = % 

{x — z = i. 

'Ux^y)+z = 22, 
\x + ^-^z) = ie, 
Xx-'y+z)^z=4:, 



a; =12, 

Ans. ■^y= 9, 
z= 1. 

re =10, 
Ans. ■<y= 8, 
z= 6. 

a;= 0, 

Ans. -^^ = 12, 

[z:=20. 

]x=7h 
Ans. ■<y = 5i, 



5. Given 




CHAPTER XV. 

QUESTIONS PRODUCING SIMPLE EQUATIONS. 

The method of proceeding, in finding answers to ques- 
tions by Algebra, is, to represent the unknown quantities 
by one or more of the letters w^ y, z, and then to express, 
in one or more equations, the different facts or suppositions 
stated regarding them. When these equations contain no 
powers higher than the first, the remainder of the opera- 
tion will be the same as one or other of the processes de- 
scribed in the last chapter. 

Some skill is occasionally required in reducing the data 
of the questions to an Algebraic form, since that may 
often be done in various ways. 

Sometimes we represent the unknown quantity— not by 
a single letter, but by a letter with a co-efficient, as in 
Example 2, or with some other qualification. 

At other times it is best to regard as the tmknown 

quantity — not that which is directly sought, but some 

other from which it may be easily deduced. An instance 

of this will be seen in Example ^, in N?\a.Q\!L x a& mede to 
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represent the time instead of the distance sought The 
object of doing so is to avoid fractions. 

Sometimes we are obliged to use several letters, to re- 
present the different quantities or numbers sought, as in 
Example 6 ; but in many instances in which this appears, 
at first sight, to be necessary, we find, on further exami- 
nation, that it may be avoided, and that we obtain a more 
elegant solution by using only one letter, as in Examples 
4 and 5. 

Most of the questions, producing simple equations, may 
be resolved by pure Arithmetic, but that is no hindrance 
to their forming good examples in Algebra. The latter, 
indeed, is almost aJways the easier method, the arithmeti- 
cal process requiring more consideration and more inge- 
nuity. 

Example 1. What number is that, the double of which 
as much exceeds 25 as its half faUs short of it ? 

Let X be the number. 

Then, 2a?-25 = 25-|. 

Hence hx = 100, 

and ;z; = 20. 

Example 2. What number is that, whose half, added to 
its third part, is 10 ? 
Let ^ be the number. 

Then, 3a? + 2ir=10. 

Hence x= 2^ 

and 6a: = 12. 

Example 3. A traveller sets out from Milton to New- 
ton, 35 miles distant, walking at the rate of 4 miles per 
hour. Another, at the same time, sets out from Newton 
to Milton at the rate of 3 miles per hour. Li what part 
of the road do they meet ? 

Let the number of hours they walk before meeting each 
other be represented by the letter x : then the first will 
have walked 4a; miles, and the second, 3a;. But these two 
distances make up the whole distance between the two 
places. 

V 4a; + 3a; = 35. 

Hence a;= 5, 

4a; = 20, 

and 3a; = 15. 

That is, they meet 20 miles from Milton and 15 fro\s^ 

Newton. 
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Example 4. What two parts, in the proportion of 4 to 
5, make up a line of 100 feet? 
Let the two parts be 4a; and 6z, 

Then, 4a: + 5a; =100. 
Hence a: = 11^, 

4a; = 44, 
5a; = 55|^. 

Or thus. — ^Let x be the smaller part : then 100 — a; will 
be the greater ; and 

X : 100 — a; : : 4 : 5. 

/. 5a; =400 -4a:. 
Hence, a;=44J, and 
100-a; = 55|. 

Example 5. To divide the number 90 into four such 
parts that, if the first be increased by 5, the second de- 
creased by 4, the third multiplied by 3, and the fourth 
divided by 2, the results, in all the cases, shall be exactly 
the same. 

Let X represent the result in each case. Then a; — 5 is 

the first part ; a; + 4, the second ; - the third ; and 2x the 
fourth. 

But (a:-5) + (a; + 4) + | + 2a; = 90. 

3 

Hence 13a: = 273, and a; = 21; and the four parts are 

16, 25, 7, and 42. 

Example 6. What is that fraction which would just be 
equal to -^ if the numerator were increased by 3 ; but only 
to ^ if the numerator were diminished by 2 ? 

Let X and y be the numerator and denominator, and 

consequently, - the fraction. 

mn^±-^=l, and 5:1^^1 
y 2' y 4 

From these two equations we find a; = 7, y = 20, and 

y 20' 

Exercise 1. What is that number which, with 17 
added to it, will make 55 ? Ans. 38. 

2. What number is that, whose half exceeds its third 
part by 17 ? Ans. 102. 

3. A boy being asked how many marbles he had, said 
he would answer no such question, but that it was a mat- 
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ter of indifference to him whether he gained 1 5 more, or 
doubled what he had and then lost 10. Can you compute, 
from that hint, how many he actually had ? Ans. 25. 

4. An election, at which there were only two candi- 
dates, was gained by Mr Smith, who had a majority of 75 
oyer Mr Jones : the number of voters in the interest of 
Jones was just two- thirds of the number who supported 
Smith : What was the whole niunber of voters 1 

Ans. 375. 

5. The sum of two numbers is 154, and their difference 
42 : What are they ? Ans. 98 and 56. 

6. A charitable gentleman distributed the contents of 
his purse, which contained 23 shillings, among a poor 
family, consisting of a man, his wife, and two children. 
He gave the man twice as much as his wife, and to the 
oldest child one-third of what he gave to his father. There 
was then a shilling over, which he gave to the youngest 
child : How much did each receive ? 

Ans. 12s., 6s., 4s., and Is., respectively. 

7. There are three villages. A, B, and C, situated tri- 
angularly with regard to each other. A letter-carrier goes 
round them once a-day, and finds that, when he walks at 
his usual pace of 3 miles an hour, the last stage from C to 
A takes him 20 minutes less time than the first, from A to 
Bj but 50 minutes more than the intermediate stage, from 
B to C^ and that, after deducting the time lost in stoppages, 
it takes him just 6 hours to go all round : What were the 
distances of the villages from one another ? 

Ans. 7^, 4, and 6^ miles. 

8. A gentleman, after travelling 12 hours without stop- 
ping, found that, if he had travelled 3 miles an hour 
faster, he would have accomplished the journey in two 
hours less of time : At what rate did he travel 1 

Ans. 15 miles per hour. 

9. Two boys, who made their living by selling nuts, 
commenced the week with the same sum ; but, when they 
met on the Saturday night, the one found that, after pay- 
ing for his maintenance, he had gained a half-crown ; and 
the other, that he had lost Is. 6d. The consequence was, 
that the former had now three times as much as the latter. 
What did they begin the week with ? Ans. 3s. 6d. each. 

10. If you divide a certain number by 9, and add to- 
gether divisor, dividend, and quotient, their sum shall be 
59. The number is required. feij^a, ^Si. 
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11. Divide 1000 into two such parts, that 9 times the 
larger shall exceed 13 times the smaller bj 970. 

Ans. 635 and 365. 

12. Divide the number 100 into two such parts, that 
half the one added to one-seventh of the other shall just 
make 20. Ans. 16 and 84. 

13. Find three numbers, such that their sums, taken 
two by two, shall be 11, 12, and 13. Ans. 5, 6, and 7. 

14. A certain reading-room is maintained at the joint 
expense of the subscribers. At the end of the first year 
they find they have each £1, 4s. to pay ; but one of them 
remarked correctly that, if there had been seven more of 
them they would have got off at the rate of a sovereign a 
piece. Compute the number of members. Ans. 35. 

15. A man departs on a journey, walking at the uni- 
form rate of 3 miles an hour ; and, two hours later, an- 
other sets out after him, riding, at 7 miles an hour. At 
what distance on the road will the latter overtake the 
former ? Ans. 10^ miles. 

16. How long could the rider, described in the preced- 
ing question, have delayed his departure, after the walker 
set out, so as to overtake him at the 14th milestone ? 

Ans. 2f hours. 

17. Two numbers are to each other in the proportion 
of 4 to 5 ; but if 5 be taken from the smaller, and 11 
added to the greater, the one is then double of the other. 
What are the numbers ? Ans. 28 and 35. 

18. A man and his wife were married at the respective 
ages of 40 and 20 years. How old will the man be when 
his wife's age becomes three-fourths of his own ? 

Ans. 80 years. 

19. Find two numbers such, that, if 6 be added to each, 
they shall be to each other as 4 to 5 ; and, if 4 be taken 
from each, they shall be to each other as 2 to 3. 

Ans. 14 and 19. 

20. A lady, on the supposed anniversary of the birth of 
our Saviour, presented all the wives and children of her 
cottagers with donations of money. She gave the women 
a sovereign each, and the children a half-crown. Having 
done so, she found that she had bestowed 200 donations, 
and expended £58, 5s. What were the respective num- 
bers of wom&n. and children? Ans. 38 and 162. 
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21. A farmer sold, in the market, a number of sheep 
and cattle, there being seven sheep for every two cattle. 
The latter were sold, on an average, at 8 guineas a-piece, 
and the former at 25 shillings. After paying 15s. 6d. of 
expenses, he brought away £305 : 16 : 6. How many had 
he of each kind ? Ans. 24 cattle and 84 sheep. 

22. A lady's ring cost 7 guineas ; her brooch cost as 
much as her ring and half her bracelets, and the bracelets 
cost as much as the ring and brooch together. What was 
the cost of the whole ? Ans. 56 guineas. 

23. A tea-dealer considers that 2 lb of his best green 
tea is worth three of his best black. He mixes them to- 
gether in equal proportions, and sells the mixture* at 6s. 3d. 
per pound. At what rate would he sell the black and 
green separately? Ans. At 5s. and 7s. 6d. 

24. What are the two numbers, whose sum is 133, and 
quotient 18 1 Ans. 126 and 7. 

25. Find two numbers whose difference shaU be 1, and 
the difference of their squares 19. Ans. 9 and 10. 

26. Divide 100 into two such parts that the difference 
of their squares may be 200. Ans. 51 and 49* 

27. There are three numbers such, that the first, with 
half the sum of the other two, makes 46 ; the second, 
with one-third of the other two, makes 30 ; and the third, 
with one-fourth of the first and second, amounts to 29. 
Calculate the numbers. Ans. 30, 14, and 18. 

28. A school was divided into three classes, the number 
in the first class being to that in the second as 3 to 4, and 
the latter to the number in the third, as 7 to 8. There 
were 81 in all : how many were in each class? 

Ans. 21, 28, and 32. 

29. Two ships' boats were sent out on a whaling ex- 
cursion, with crews in the proportion of 3 to 5. Meeting 
sometime after, they considered it would be better to divide 
the hands equally between the two boats, and did so by 
removing 6 men from the one to the other. What was 
the whole number sent out ? Ans. 48. 

30. Two brothers, John and George, go to school at the 
beginning of the year with 5 guineas a-piece of pocket* 
money. At the end of the year John finds that he has 
spent twice as much as George and 5 shillings more, and 
that he has remaining 5 shillings less than half of what 
Greorge still possesses. How much does each return lvQ\sy^ 
with? Ana. £\^\^^.«^Ai.^^^.^^• 
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31. A gentleman left £8400 to be divided among his 
four nephews in certain portions named, and directed his 
house to be sold by auction. As the four nephews were 
returning together from the sale, Edward observed, that if 
his uncle had left him twice as much as he did, he could 
have bought the house with the sum. << He left me 
enough," said Richard, " to buy it twice over if I were 
disposed." " It would have taken Harry's and mine put 
together to purchase it," replied Alfred. " I could have 
paid for it with my own share," exclaimed Harry, " if 
Dick had just been generous enough to add to it the third 
part of his." What was the house sold for ? 

Ans. £2400. 

32. A son, asking his father how old he was, received 
the following reply :• — " Seven years ago I was four times 
as old as you ; but seven years hence, if you and I live, 
my age will then be only double yours." It is required, 
from this information, to satisfy the son's curiosity. 

Ans. The fkther's age was 35. 

33. An itinerant orange-vender bought a quantity of 
oranges for sale, at the rate of 5 for twopence. He then 
arranged the good and the bad in two separate baskets, 
containing equal numbers, and sold the one basketful at 3 
a penny and the other at 2 a penny. In selling them he 
met another orange-* vender, who laughed at his simplicity, 
and said he would have no profit upon them ; but, when 
be had sold the whole, he found he had gained sixpence. 
Please to calculate, from these data, how many oranges he 
bought and sold. Ans. 30 dozen. 

34. Two men and a boy concerted to steal a parcel of 
money, and, having succeeded, met to divide the contents. 
It was found to contain £4 : 2 : 6 in silver. One of the men, 
who divided it, took to himself twice as much as he gave to 
the boy; and, to keep the other man quiet, gave him a half-, 
crown more than would have been his share if the money 
had been equaUy divided among the three. How much 
did the one man get more than the other 1 

Ans. 5 shillings, 

35. Two women occupy adjacent stalls at a fair. The 
one makes four sales for the other's three, and has sold 
three dozen articles before the other commences ; but then, 
she only draws as much at three sales as her neighbour 
does at two. How many articles must the latter dispose 
of before she have as much money in hand as the former ? 

Ans. 916, 
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CHAPTER XVI. 
QUADRATIC EQUATIONS. 

DEFINITIONS. 

A Ct^dratic Equation^ as has been already defined, is 
one which contains the second power of the unknown 
quantity, and no higher. When the second power occurs 
alone without the first, the equation is called a Pure Qua- 
draiic, as cuc^ = b^. When both the first power and the 
second enter into it, it is called an Adfect&i Quadratic^ as 

Pboblem I. 

To resolve a Pure Quadratic Equation^ involvmg only one 

unknoum Quantity. 

Rule. Find the value of the square of the unknown 
quantity in exactly the same manner as we found the va- 
lue of the simple quantity in Chapter XHL Then extract 
the square root of each side according to the sixth Grenen^ 
Rule. 

Note. If the value of the square is a negative quantity, 
the extraction of its square root is impossible ; but, if po- 
sitive, it may have two square roots, one positive and the 
other negative. In the resolution of equations, we must 
attach both signs to the root, since the one answers as well 
as the other. 

When the square of the unknown quantity is found 
equal to a negative quantity, we can have no real value of 
the unknown quantity. The statement conveyed in the 
given equation must have been an impossibility. 

Example. Given 2x*- 45 = 200 -3^. 

Transposing, 5;z^ = 245, 

Dividing by 5, x* = 49. 
Extracting the sq. root of both sides, x=^7. 

Exercise 1. Given 4a^ — 85 = 90 — 3x*. Ans. ic=^5. 
2. Given ^+^ = ^ + 21. koa. x=4jb. 
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„ p,. 6a:*-4 « 18-4a:2 

3. Given — - — — 2 = 1- «*. Ans. a; = =b2. 

3 3 

4. Given »^(x + 1) x t^Cx—l) = x — . Ans. x— ±1. 

X 



Problem II. 

To resolve an Adfected Quadratic Equation, involving only 

one unknown Quantity, 

Rule. Having simplified the equation, when necessary, 
by removing fractions, and by bringing aU the terms con- 
taining only known quantities to the right side, and those 
containing the unknown quantity to the left, collect all the 
terms containing the square of the unknown quantity into 
one, and all those containing its first power into another. 
We shall then have the equation in the form aa^^hx= ±c. 

Next, if the co-efficient (a) of the first term is not 1, 
divide both sides of the equation by that co-efficient. 
The equation will then appear in the form x^-\'mx=n, m 
and n being any known quantities, positive or negative. 

To both sides add the square of half the co-efficient of 
the second term : the equation will then be of the form 

a;2 + ma;H--j-=-j- + w. This is called completing the square, 
4 4 

since the left side of the equation is now a complete 

square. 

Extract the square root of each side, and we have then 

fn ( fjf^ \ 

the equation in the form x -\- -^— V \x"^^/' ^^^ ^^^' 

"7- + » J "" -o" ^^ «=i (V»*^ + 4«-w). 

Note 1. \i n is a negative quantity and greater than 
\ 7w2, then »J{m^ + 4w) is an impossible quantity, and no 
answer can be found to the question. It shows that the 
conditions of the proposed equation or question are incon- 
sistent with each other. But if m^-\-4m is a positive 
quantity, its square root may either be positive or negative; 
consequently x wiU have two values, either of which will 
satisfy the conditions of the given equation. 

ExAMPXJR i. Given oi? - 8«=33, tx) find «. 
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Completing the square by adding, to each side y-J 

or 16, we have 

a;2-ai?+ 16 = 49. 
Extracting the square root of each side, 

a?~4 = =b7. 
Consequently, a; = 4=b7= +11 or —3. 
Exercise 1. Given a^ + 10x = 75. 

Ans. a?= H- 5 or — 15. 

2. Given a;2 — 4a; =12. Ans. a; = H-6or -2. 

Example 2. Given 7x^ - 63a; + 56 = 0, to find x. 
Transposing 56 and dividing bj 7, 

a;2-9a;= -8. 
Completing the square. 

Extracting the square root, 

9 ^7 

2 2 

9 7 
/. a; = -=b- = 8 or 1. 

2 2 
Exercise 3. Given 5a?* — 20a; + 15 = 0. 

Ans. a; = 3 or 1. 

4. Given a;* + 5a; - 4 = 100. Ans. a; = 8 or - 13. 

5. Given lla;2_ 88^ _j. 110 = 209. Ans.a; = 9or -1. 

6. Given a;2~ 10a; -100 = 0. 

Ans. a; = 16*18034-, or -6*18034-. 

7. Given ^2 _ 11^ ^15^0^ 

Ans. ^ = 9.4051 +, or 1-5949 -. 

8. Given ^ : 5: + 40 :: 10 : ^-40. 

Ans. ^ = 67-0156 &c., or -7*0156 &c. 

9. Given ^ + ? = 6. Ans. a; = 6 or -12, 

10. Given^-2?2 - ;?) = 7. Ans. 2: = 7 or - 6. 

6 

11. Given -a;*— a; = 4. Ans. a; = 2 or — , 

2 o 

12. Given _=— -, Ans* a;=2 or — * 

3 5 15 5 

13. Given ^ - 1 = 7-8* Ans. y = 6 or - 5'2. 

4 5 

65 



66 ALGEBBA. 



14. Given ;2r2 + 8;2r +20 = 0. Ans. 2r=4=tV-4. 

15. Given ^-|-70 = 2. Ans. a: = 15 or - 14?. 

3 5 5 

16. Given — — —Ax=2. Ans. x = 5 or — 6^. 

X 

17. Given?? -15^^-2 = 0. Ans. a; = 4 or 1. 

X x^ 

18. Given 2y - 5^^ = 9. Ans. y=l or -|. 

3^ + 3 2 

19. Given V {z^-6z)^ -2. Ans. ;?=4 or 2. 

20. Given V (a? + 4) x V (a? - 3) = 2a?- 6. 

Ans. ic = 5 J or 3. 

21. Given « + V^=15. 

Ans. ay= 19-405125 -*, or 11-594875+. 

Note 2. When the equation has been reduced to its 
simplest form, and the terms arranged according to the 
powers of the unknovm quantity, it may be resolved as a 
quadratic although the highest power may not be the 
square, provided that the exponent of the power in the 
first term be double that in the second, and that the un- 
known quantity does not appear in any other term. In 
this case, however, we do not at once find the unknown 
quantity itself, but that power of it which appears in the 
second term ; and from that, — ^by extracting the root indi- 
cated by its exponent, we obtain the first power. 
Example 3. Given ^^ — 10;2r^3=459, to find z. 
Completing the square, z^^lOz^ + 25=484. 
Extracting the sq. root, ;2f^ — 5 = =b 22. 
.-. 2r8 = + 27 or -17. 
Extracting the cube root,;2f = + 3, or — 2-57 &c. 

Exercise 22. Given x^ + 2x^ = 10200. 

Ans. «= 10 or =t V ( - 102). 

23. Given a;«- 35a:* + 21 6 = 0. Ans. iB = 2or3. 

24. Given y - V y = 20. Ans. y ■= (+ 5)^ or (- Af. 



Fboblem m. 

To resolve a pure or adfected Quadratic Equation^ involving 
two or more unknown Quantities, 

Rule. Eliminate all the unknown quantities except one, 
In the same manner as in simple equatioiiS) and then find 
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the value of the remaining unknown quantity by Problem 
I or n of this Chapter. 

Note. The process will often require to be diversified 
according to circumstances, affording full scope for the 
exercise of ingenuity. Sometimes instead of first elimi- 
nating one of the unknown quantities, it will be better to 
form a complete square containing both the unknown 
quantities, or sometimes even two such complete squares, 
and then, on extracting the root, simplify one or both 
equations before the process of elimination commences. 

It will frequently happen that equations, which appear 
to be simple, will assume the quadratic form when one or 
more unknown quantities are eliminated, and those which 
appear to be quadratic will rise to a higher order. 

Example 1. Given "J^ l^-iof ^ ^^^ ^ a^^ y- 

Taking successively the sum and difference of the two 
given equations, we have 

2^2 = 98, and 2y» = 72. 

.-. a;2 = 49, and f = BQ. 

Hence, x=± 7, and y= :fc 6- 

Example 2. Given i^^^^^l^'X to find x and v. 

I xy =50,1 ^ 

Multiplying the first eq. by x^ and squaring the second, 

aj*-a;y = 75^, 

and a?2y2 = 2500. 
Add these two equations together and transpose 75a:^, 

a?*-75a?2 = 2500. 
Complete the square, and extract the sq. root, 

2 2 

Hence, {x^ = -\- 100 or - 25, 

andfl?=±10 or rfc V(-25). 
.«. 5^2-- 25 or - 100, and ^= ± 5 or ± V-100. 

Example 3. Given 5^ + ^^ = J^^'l to find x and y. 

\x +y =15, ) ^ 

Squaring the second equation, 

Subtracting this from twice the first, 

a^-2a:y + y2 = 25. 
Extracting the square loot^ «— 1|^ -Jb"^* 
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From this equation and the second, by taking their sum 
and di£ference, we have 

2^=20 or 10, and 2y=10 or 20. 

.*. a?=10 or 5, andy = 5 or 10. 

EXEECXSB 1. Given gJ+JJli;} Abb. ^ztt 

4 Given i x-8y= 9,) . fa;=15or-3, 
4. tjiven jys_4j,+ 2a;=26.; ^^' \y= 2 or -4. 

5 Given ?5a:*-%'= +72.) ^ (a:=12or-4, 

a. Uiven jg^ g^ ^ _i2.| -^s- ^^= 9 or -1. 

6 Given |^+y=34,> ^^.^ (a;=lSor21, 

b. uiven 1^^273. } ^^- ty=21 or 13. 

7 Given ^'+y' = 32-5,> ^ (a: =8-5 or 4-5, 
/. wven I 33,= 15.75.]- '^*- |y = 4-5or8-5. 

8. Given f +y' = 8i.> Ans. j^ = ?t «' " ^1 

(a; -^ =1. j (y = ltor-2i 

9. Given { ^+j7^^t^A Ans. |^=25 or 6^, 

l^x + V!y = 7'5.) (y = 6 J or 25. 

10.Given|(^_5^^^^_3j^45 | 



11. Given 



ra;8 + y8 = 35,| 
{x H-y = 5.) 



> + y + ;? =12,) 

12. Given -{x +2y +3z =26,>- 

y+ 3^'+ ^2 = 50.) 




CHAPTER XVIL 

QUESTIONS PRODUCING QUADRATIC 

EQUATIONS. 

Note. When the question has been expressed in the 
form of a quadratic equation, and that equation resolved 
bjr the ruled in the preceding Chapter) double values of the 
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unknown quantities will be obtained, and each of these 
values may satisfy the conditions of the question (as in Ex- 
ample 1) : but it is equally possible that one of the values 
may not be applicable as an answer to the question, al- 
though quite satisfactory as far as regards the equation. 
This may arise either from the negative form of the value 
obtained (as in Example 2), or from some other peculiar 
cause (as in Example 3). 

The reason that the equation may be satisfied by the 
second value while the question is not, arises from the fact 
of some condition being stated or understood in the ques- 
tion, which has not been expressed, and probably could 
not be expressed, in the equation. 

Example 1. What number is that which exceeds the 
square of its half by f I 

Let X be the number. Then 



X 



(x\^_Z 
\2) "4- 



This equation, resolved as usual, gives ^ = 3 or 1, either 
of which numbers fulfils the conditions of the question. 

Example 2. A party of labourers were sent to remove 
a bank of earth containing 350 cubic yards : but, just as 
they were commencing, four of them were disabled by an 
accidental fall of part of the bank : in consequence of this 
it was found that the rest had each ten yards more to 
remove. What was the number of the party at first? 

Let X express the number at first, and consequently 
x — A. the number afler the accident. Then 

350 ^Q_ 350 

X ic — 4* 

K we resolve this by the rules of the preceding Chapters, 
we find a; =14 or —10. Either of these numbers would 
satisfy the equation, but only the first will be applicable 
to the question, since the supposition of a negative number 
of men being sent is ridiculous. 

Example 3. A number, expressed by two digits, is sub- 
tracted from its reverse. It is then found that the remain- 
der is three fourths of the original number, but greater 
than the square of the smaller digit by 20. What is the 
number ? 

Let X be the right-hand digit and y^ '^^\Ss^ ^ ^XasSa.-^ 
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must be the smaller, otherwise the remainder would be 
negative. Then, 

1 Oy + a? = the number, 

1 Ox + y = the reverse. 



and 9a; — 9y = the remainder. 

Hence, 9a7 — 9^ = |(10y + a;), 
and 9a; -9^=^ + 20. 

From the former of these two equations we obtain 
x=2y; and, inserting 2y for x in the latter, we find 

y2_9y = _20; 

From which we find ^ = 6 or 4, and . •. a; = 10 or 8. 

But of these two values the second only is applicable, 
since y cannot be 5 unless a; be 10, which cannot be a digit. 
Therefore the number is 48. 

Exercise 1. Divide the number 10 into two such parts 
that the sum of their squares shall be 54^. 

Ans. 6^ and 8^. 

2. Divide 100 into two such parts that their product 
shall be 2211. Ans. 67 and 33. 

3. There are two numbers in the proportion of 4 to 7, 
the sum of whose square is 41 60. What are the numbers ? 

Ans. ± 32 and d= 56. 

4. A person being asked how old he was, replied that 
the square of the number representing his age, in years, 
exceeded 20 times that number by 125. How old was 
he? Ans. 25. 

5. Divide the number 21 into two such parts, that the 
squares of those parts may be in th^ proportion of 9 to 16. 

Ans. 9 and 12. 

6. Divide 100 into two such parts that their product 
may be equal to the difibrence of their squares. 

Ans. 61-80340-, and 38-19660 +. 

7. A traveller, having proceeded 175 miles by railway, 
complained of the slowness of the train, and showed that, 
if it had only gone five miles per hour faster, he would 
have accomplished his journey in less time by an hour and 
three quarters. What was the rate at which the train 
went ? Ans. 20 miles per hour. 

8. What two numbers are those whose difference mul- 
tiplied by the greater produces 104, and by the less, 88? 

Axift. ^2^ and ± 22. 
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9. A toyman purchased a lot of cricket-balls at 28s. the 
dozen, and, after retailing them at a uniform price, found 
that he had received six guineas for the whole, and that 
the sum he received for the last dozen was all clear profit. 
How many did he sell, and at what price ? 

Ans. 36 at 3s. 6d., or 18 at 7s. each. 

10. The difference of two numbers is 4, and their pro- 
duct 117. What are the numbers? Ans. ±13, and ±9. 

H. The difference of two numbers is 2, and the differ- 
ence of their cubes 152. What are the numbers ? 

Ans. ± 6, and ± 4. 

12. A number of schoolboys, contributing equal sums, 
raised £6 for an exhibition of fire-works. Eight of their 
school-fellows, disapproving of the project, refused to 
contribute ; but, had they joined, the others would have 
had sixpence a-piece less to pay in order to make up the 
sum, Qow many contributed ? Ans, 48. 



CHAPTER XVIII. 
ARITHMETICAL PROGRESSIONS. 

DEFINITION, 

If a series of quantities increase or decrease by equal 
differences, it is called an Arithmetical Progression^ — 

as 7, 9, 11, 13, 15, 17; 
or 16i», 14a?, 12a?, 10i», 8a?. 

If a represent the first term, d the common difference, 
$uid n the number of terms, any arithmetical progression 
will be represented thus 

a, a ± d^ a =b 2e2^ a =k 3e^ . , . . a ;t (n — l)d 

Exercise. Fill up the blanks in the following arith- 
inetical progressions : — 

1, 2, , , ^ ^ — J 7 

2, 5, — 9 11, — , — , — — 
60, 45, — , — , — , — , — 
^^, -^, — , — , — , 36, 42 
iP, x-\- 2^, , — , 
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Theorem. 



In any arithmetical progression, the sum of the two extreme 
terms is equal to the sum of any two terms equidistant from the 
extj*emes, or to double the middle term when the number of terms 

is odd. 

Note. Any part of an arithmetical progression is, of 
course, an arithmetical progression. 

Exercise 1. Fill up the blanks in the progression, 7, 

IQ 

, , , xu. 

2. What is the middle term of an arithmetical progres- 
sion of eleven terms, having its first term 156a, and its last 
term246a+10rfl Ans. 201a+5d. 



Problem I. 

Having given the common Difference of an arithmetical progres* 
sion and the first Term, to find any other Term (say the nth). 

Rule. Multiply the common difference by 1 less than 
the number of the term required (i, 6. by n — 1), and add 
the product to the first term, or subtract it from it, accord-* 
ing as the progression increases or decreases. 

Example. What is the twentieth term of the progres- 
sion 8a, 5a, 7a, &c. ? 

3a H- 2a X 19 = 41a. Ans. 

Exercise 1. What is the fiftieth term of the progression, 
1, 3, 5, &c. ? Ans. 99. 

2. What is the tenth term of the progression 30c, 27c, 
24c, &c. ? Ans. 3c* 

3. Wliat is the twelfth term of the series a, a + 5, 
a + 10, &c. ? Ans. a + 56. 

4. Compute the sixteenth term of the progression, x, 
x-2y, x-Ay, &c. Ans. x-SOy. 



Problem II. 

To find the Sum of an arithmetical Progression, 

Rule. Multiply half the sum of the first term and 
the last by the number of terms. 
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ExEBCiSES. Sam the following progressions : — 

1. 1, 2, 3, 4, 100. Ans. 5050. 

2. 17c, 15c, 13c, lie, 9c, 7c. Ans. 72c. 
8. a, a + 5, a + 23, . . . . a + 103. Ans. 11a + 553. 
Exercise 4. Find the sum of 21 terms of the series, 

X, ^, 2x, ^, Ac. Ans. 126a;. 

5. A young man, engaging as a farm servant, asked ten 
pounds a year as his wage. His employer refused to give 
so much at first, but offered him 5 guineas for the first 
year, to be raised 15 shillings every year that he remained 
in his place. He remained 40 years on these terms. 
What was his last yearns wage, and what did he earn dur- 
ing the whole time ? Ans. £34, 10s., and £795. 



CHAPTER XIX. 

GEOMETRICAL PROGRESSIONS. 

DEEmmoxs. 

If a series of quantities increase from continual multipli- 
cation by the same quantity, or decrease from continual 
division by the same quantity, the series is called a Geo- 
metrical Progression^ — 

as, 2, 6, 18, 54, 162, 486; 
or 64, 32, 16, 8, 4, 2. 

Even when the series decreases it may be considered to 
do so by multiplication, the multiplier, in that case, being 
a fraction. Consequently every geometrical progression 
may be expressed thus^i — 

a, or, ca^^ ar^^ ar^-^. 

Regarding all geometrical progressions in the latter point 
of view, viz. as formed by successive multiplications, the 
constant multiplier, r, is called the common Batio of the 
terms. As usual n expresses the number of terms. 

ExEBCiSE 1. What are the values of r and n in each of 
the two numerical progressions given above ? 

2. Form a geometrical progression of five terms, having 
its first term 7a, and the common ratio of tbi^ ^tc&&^« 
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3. Form a geometrical progression of fomr terms, having 
its first term ixj and the common ratio 5^. 

4. The first term of a geometrical progression is ^, the 
second ^ -r 3, and the last z. What is the last but one ? 

Ans. Sz, 

5. If the second and third terms are - and ^ what are 

the first and fourth ? Ans. --, and %. 

Note. The successive terms of a geometrical progres- 
sion are continual proportionals ; that is, — ^the fibrst is to 
the second as the second to the third, as the third to the 
fourth, and so on. Consequently any term, standing be- 
tween two others, is a mean proportional between them. 

Exercise 3. Fill up the blanks in the following geo- 
metrical progressions :-^ 

3, — •, 12, — , — , — . 

— , — f 9a, — , 81a. 



Theorem. 

In any geometrical progression the product of the two extreme 
terms is equal to the product of amy two terms egvidistaM from 
them ; and also equal to the square of the middle term when the 

number of terms is odd. 

Exercise 1. In a geometrical progression consisting of 
seven terms the first is 13, and the middle one 104. What 
is the last ? Ans. 832. 

2. K the first term is 7a, and the fifth 567a^5S what are 
the other terms? Ans. 21a^6, 63a8&*, and 189a*6*. 



Problem I. 

Having given the first Term of a geometrical Progression^ and 
the common Batio^ to find any other Term (say the nth). 

Rule. Raise the common ratio to a power whose ex-^ 
ponent is a unit less than the nupiber of the term required, 
viz, n-^lf and multiply that power into the first term. 
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Example. The first term of a geometrical progression 
being 50, and the common ratio 7, what is the fourth term f 

7» X 50 = 343 X 50 = 17150. Ans. 

ExEBCiSE 1. The first term of a geometrical progression 
is 13 ; and the common ratio, 2. What is the tenth term ? 

Ans. 6656. 

a 27 

2. The common ratio being - and the first term - . 

3 a^ 

what is the seventh term I Ans. — . 

27 



Fboblem n. 

Hanmg given the first Term of a geometrical Progression^ the 
last Termj and the common Batio^ to find the Sum of all the 

Terms. 

BuLE. Divide the difference of the first term and the 
last by the difference of the common ratio and unity. To 
the quotient add the last term. 

Example. The first term of a geometrical progression 
is a, and the common ratio is r; what is the sum of n 
terms I 

By Pr. L, the nth term is ar*-^. 

.•. Sum= — |-ar«-^= — . 

r— 1 r — 1 

ExBBOiSE 1. The first term of a geometrical progres- 
sion is 3, and the common ratio 2 : what is the sum of 
ten terms I Ans. 3069. 

2. What is the sum of a geometrical progression of 
eight terms, whose first term is 413,343, and common 
ratio, ^1 Ans. 619,920. 

Note. By the same rule we may find the sum of a de- 
creasing geometrical progression, even when the number 
of terms is infinite, if we regard the last term as,= 0. 

Exercise 3. What is the sum of the series, 1 + ^ 
-f ^ + &c., ad vnfinitam f Ans. 2. 

4. What is the sum of the series, 1 + f + f + &e.i ad 
infmtumf toa»» '^^ 
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CHAPTER XX. 



UNRESOLVED EXERCISES. 



ExBRCisBS m Chafteb n, Pboblem J. 
Sum each of the following groups of qaantities : — 



(1.) 

Uab 

lab 

d2ab 

ab 

b6ab 

93ah. 



(2.) 
+ 29V« 
+ 48V« 
+ 67Va?. 



(3.) 

-208;c2 

- 36«2 

- 67a^ 
-726«3 

-244a^ 

- 862a^. 



(4.) 

-377 X? 

z 

-800 X? 
z 

-493 X?. 



(5.) 


(6.) 


(7.) 


(8.) 


+ 65c 


+ 12^2 


- 499 V^ 


— 5405; 


-43c. 


-96(^. 


+267V^. 
(11.) 


+300ete. 


(9.) 


(10.) 


(12.) 


+ 8y2 


-640a5c 


- 25aV 


+ 430V^ 


-7/ 


+365a5c 


- 14aV 


+ 28V« 


+ 3^ 


+ 286a5c 


+ 62a V 


+ 196V« 


-5/ 


+ 194a^ 


- 49a V 


- 85V« 


-9y» 


-868aJc 


H-72aV 


-243V« 


-4y». 


+ 444a5c. 


+50aV. 


- 9^-?. 


(13.) 


(14.) 


(15.) 


(16.) 


63a; 


H-12a 


-308V«a:^ 


+ 17»w; 


88y 


-195 


+ 122V5a^ 


- 19 na? 


54^ 


+ 48a 


+ 424 Var* 


+ 34/KC 


20y 


+ 635 


- 852 V5a:* 


+ 82jRi; 


92;2r 


-155 


+ 66Var* 


— 54»Mj 


13;2r. 


- 8a. 


- 508 Via;*. 


-80^0;. 
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ExEBcisss m Chapter n, Pboblem n. 

(1.) (2.) (3.) 

28a; -28y + 33a -44ft + SV^x^-dVy 

Ux-Uy -60a-186 -^12Vx+7Vy 

34a;+50y + 55a -276 -SlV^-Wy 

17a; -12y -83a -836 -BW^o+SVy 

86a; -42y -24a -366 +90Va;+ Vy 

17x+7iy. +72a- 86. -38Va;-6v'y. 



(4.) Add together a^ + b^ -^ c^ ■{- tP, a^ - 2a6 + 6^, 
a« + lOac + 25(^, 62-66c + 9c2, 4c» - 4<:(j? + (^^ 90^-240^ 
+ 16^, - 1662 + 2^bd - 9eP, and 10a6 + lOoc + 106c 
'\- lOad -h lObd -h lOcd. 

(5.) +8(a2-a;2), -19(a»-ar»), +86(a2-a:2)^ and 
-27(a2~a;2y 

(6.) +38(6 +(?)», -54(6+c)«, -27(6 +<?)», -93(6+c)8, 
and + 804(6 + <r)8. 

(7.) +59x??±^, +94x^5±^,aiid-35x?^±^. 

ooy xy xy 

(8.) +12(a6 + (jd), -22(ac + 6ef), -5(a6 + cfl?), and 
+ 77(a<; + hd), 

ExEBCiSES IN Chapter HE. 

(1.) From 5800a;y subtract 2438a;y. 

(2.) From — 34a6c subtract — 100a6(j. 

(3.) From + 17wy subtract + 83wy. 

(4.) From - 88 V^ subtract -29Va;*. 

(5.) From81V«5'-12V6^take29V«5'-20V6;2^. 

(6.) From 267wa?2-969n/ take 607waj2 - 242wy^ 

(7.) From 9a - 36 + 2c -8<; take -3a + 86-7c + 5c?. 

(8.) Take 584a; - 362y + 607^2? from 372a; - 584y - 432r. 

(9.) From 45(a+a;) - 63(a+y) take 24(a+a;) - 86(a+5^). 



Exercises in Chapter IV. 

Simplify the following expressions : — 

(1.) (« + 6) + (a-6)-(a-c)-(6 + c). 

(2.) {7w + 35a; - 54y - 12«) - (J^'^v) -\^x ^\^>) -'^<^:^>• 
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Exercises in Chapter V, Problem II. 

(1.) Multiply 35a» + l2a^a-ASaai^'^92cfi by aV- 
(2.) Multiply 6126y-366&85^ by ~369a^fty 



Exercises in Chapter V, Problem IH- 

(1») Multiply 3a - 65 by 7a - 65. 

(2.) Multiply 34(? -35(? by 36c -34(?. 

(3.) Multiply 7m — 9n by 9n — 7«». 

(4.) Multiply a^ + 2a5 + 5^ by a^-^2ab + ¥. 

(5.) Multiply a-3a2 H- 9a8 into 1 + 3a. 

(6.) Multiply 27iB» + 27a:^y + ^xf + ys by 27aj» - 21 a^^ 

(7.) Multiply 64:{x—y) into 76(a?-y). 

(8.) Multiply -43(3^ + ;y)8 into - 26(y + ;^y. 

(9.) Multiply 6(a + 5) + 7(a - b) by 5(a + 5) - 7(a - b). 



Exercises in Chapter V, Problem IV. 

(1.) Find the continued product of +8a*;ir, —55*^, 

Ibi^, and +4ay*. 

(2.) Of a + 5, a + c, and a + <?. 

(3.) Of a;-2, a?-3, «-4, anda?-6. 

(4.) Of aJ+y + ^, X'\-y--Zy x—y-^-Zj and — ic+y + ^* 

(5.) Of a2 ^. 7a + 49, a2-7a + 49, a + 7, and a-7. 



Exercises in Chapter VI, Problem I« 

(1.) Divide -h 1728a«5*c» by - lUa^lfii^. 
(2.) Divide - Ux^y^ by - 66a?y*4;8. 
(3.) Divide - 1080iry» by + 46ir«y. 



Exercises in Chapter VI, Problem II* 

(1.) Divide 36a*5 - 84a852 - 106a258 by la^b. 
(2.) Divide 9emH^ -^^m^v? \s^ -l^mn. 
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I 



1. 

2. 

(3. 

(4- 

(5- 
(6. 



I 



7. 
8. 
(9. 
(10. 

(11. 

(12. 
(13. 

(14. 
(15. 



ExEBCiSBS IN Chapter VI, Pboblbm in. 

Divide h^ + Uy + 4/ by 6 + 2y. 

Divide 8cr» - 2o^ - 15^^ by 4a + 6h. 

Divide - 16ar* + 9y* hj^Sy^. 

Divide a^ — b^hj a— b. 

Divide 25a* + 50^2 - 100a + 200 by 5a2 - 10a + 10. 

Divide z« -3125 by ;8?- 5. 



Divide lOa^ + 49a^ -- lOb^ by 2a + 11^. 

Divide 25a;* - 90;2^ by 5ar* _ 9z\ 

Divide 84aH99a»-7a2+90a-81 by 12a2-3a+5* 

Divide 8a:* — 4^y — xt/^ by 4tx^ -I- 4a;y + y^. 

Divide 30/ - 67 f + 80y by 6y^ - 7y + 6. 



Divide «« - 4a;3 - 20a; by «» - 2a;2 + 3a; - 4* 
Divide 3a* - a^ - 14m^^ by 3a8 + 5a2^ - 20^^ + b\ 



Divide 2 + 6a; by 1 - 3a;. 
Divide 10 by 1 — 5^. 



Exercises m Chaftkr VII. 

(1.) Find the greatest common measure of 20,952a&3a;^, 
and 12,528a«ft2a:2^ 

(2.) Of 125a;» + 64^^, and 25^;^ _ ig^a^ 

(3.) Of 729a?-243a* + 27a2-2, and 81a*-27a2 + 2. 



(4.) Of 16a*-12a2+2, and 64a«--48a* + 12a«-2. 
(5.) Of 18a;»-53a;/-28y8, and 36a;*-4a»83^-56a;^3 
- 49^^. 

(6.) Of 12a*+32a*i-12a«ft2, and 8a*-72a*5^ 

(7.) Of 6/-lVH-32y, and 10y*-10y8-20y* + 803^. 



Exercises m Chapter Yin, Problem I. 

(1.) Find the least common multiple of 144 and 96. 
(2.) Of 11a and 17a. 
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(3.) Of iSx^tf and eOaf. 

(4.) Of 3a^+12db and 6ab+20h^. 

(5.) Of 8^ - 12b^c + 18^ - 27c8 and 8^ + 12l^e + ISftc^ 

+ 27c«. 



Exercises in Chapteb YIII, Pboblem n. 

(1.) Find the least common multiple of 14, 21, and 24. 
(2.) Of a^^i^, a^fz^ and a^i/^z\ 
(3.) Of 48, 60, 35, and 42. 
(4.) Of 8a, 24a, 18a, 54a, 9a, 15a, and 27a. 
(5.) Of 5a, 6*, 7c, and lid. 

(6.) Of 9a«-16ft2, 9a2 + 24aJ+16JS and 9a«-24a5 
+ 16^. 



Exercises in Chapter IX, Problem I. 

(1.) Reduce 16z to a fraction having its denominator 
36. 

(2.) Reduce a— a; to a fraction having its d^iominator 
a + x, 

(3.) Reduce ^^ + 7y + 49 to a fraction having its deno- 
minator y — 7. 



Exercises in Chapter IX, Problem n. 

Reduce the following mixed numbers to fractional 
forms : — 

(1.) 3a -^. 

(2.) 7a -145+ ^?! + !^. 



(3.) 8,^ll^-16j+liy 

(4.) 7y-9.-1^4l^. 

7y + 9;2^ 



80 



UNBESOLYED EXERCISES. 81 



Exercises in Chafteb IX, Problem IQ. 

Change the following fractions into integral or mixed 
quantities. 



(3.) 

(4.) 
(5.) 

(6.) 



6a -12^ 
80^ + 27^8 

2a + 36 * 
A8f - 46y;g 

24:0^ - 13a^ 

g^-468 

a + 25-30 



Exercises in Chapter IX, Problem IV. 

(1.) Change ^ " ^ . into a fraction having its deno* 

m 

minator 2m^n^, 

(2.) Change — — into a fraction having its deno- 
minator 2ax-]-Bhx, 

(3.) Convert ■ into an equivalent fraction having 

a—x 

its denominator {a—xf. 



Exercises in Chapter IX, Problem Y. 
Reduce the following fractions to their lowest terms :• 

^ '^ 92502^2^' 

.ov 4a» + ag6-5a5^ 

^ '^ 4a2 + 9a6 + 562* 
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^ '^ l(y_38y«+24y' 
.^. 12a^-17ay-5y« 



ExEBoiSES IN Chapter IX, Problem VL 

(1.) Reduce -, -— , and -— to equivalent fractions 

having the same denominator. 
(2.) 2« , and 3« 



15»«y 20a^» 

^^•^ 12&' 20^' *"* 2i;? 

(4.) !i±5* SizlO?, and «'^''-^ . 

(5*) --^> and -. 

,gv a^ + 10a; + 25 a' +25 , q^-10a? + 25 
^ '^ a^ - 10a; + 26* a»-25' a2 + 10a; + 25' 



Exercises in Chapter IX, Problem YII. 

(1.) Add together ^±3|^, ?^L±i^, and ?^Z?y*, 

z z z 

(2.) g, J, ^. and _. 

^^•^ m' 65c' *"* 9^- 
(4.) -, and 



a-^b a-^b 

(5.) 2^11?^, and ^^+^^ . 
^ ^ 6^2-. 8a5' 15a6-20^ 

,g V a;^- 14a; + 49 a;' + 49 , a?^ + i4^4.49 
^ '^ a;« + 14a; + 49' a;2-49' ^ flj»-14a? + 49' 
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(7-) + o^ ^ o^ > + n^.^^ > and 



2c?Jr2ax 2a2-2aa?' aa + ic» 



(8.) +__, -_-_^, and -^^^3^3. 



Exercises in Chapter IX, Problem Vm. 

(1.) From 1^^^* subtract ?^*. 
^ ' 20 12 

(2.) Prom 85a»-y + 20a ^^^^^^ 30^-72^-5« 

7 7 

(3.) From , subtract- — —-^, 

(4.) From ^^^^, subtract .^ "" f^, . 



Exercises m Chapter IX, Problem IX, 
Find the following products : — 

(1.) £z7 X i±I X ^±i?. 

x-Z a; + 3 o^' + G 



(2.) ^x!g^x3^\ 

^ ^ 5y Uz 350? 

,.. V 2a-5 ^ 2a + 5 ^ 9a^-16 

^"^•^ 35^ 3^+4 4a^- 25' 

., . 10aa?-18ay 8ag-16a6 

^ '^ 7a6-14^ 15i^a;-27V 



(5.) ^ ^+/ x^4±gx(a-6^ 
^ ^ a^-2a6 + 62 a2-52 ^ 



Wwiw^'»^-'^»'- 
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(9.) ^x39(a + *). 



(10.)(ll. + |)x(ll.-|). 
(ll.)(a+5)x(a-f). 



Exercises m Chapter IX, Problem X, 

(1.) Divide -— — by -ttt-o-t. 

(2.) Divide -5 — ^ by -5 — ^ — =^, 

(3.)Divide||-|+gby60. 

/A\ T^• -J a;^ + 3a?— 10 , a^ + x — 20 



(5.) Divide a^ _ ~ by |. 

(6.) Divide 64c* - ^ by &»« + 1'. 



Exercises in Chapter X, Problem I. 

(1.) Find the fifth power of - 7a^¥c\ 
(2.) The ninth power of - lOxy. 



Exercises m Chapter X, Problem n, 

(1.) Find the square of 5a — 6i. 
(^.) The square of 7a;-8y + dz. 
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(3.) The cube of €? - 1^, 
(4.) The fourth power of 3c — 4d 
(6.) The fifth power oi x—y — z^ 
(6.) The square of ^\fx—f)»Jy. 

(7.) The square of ^-^. 
(8.) The cube of 2a -^5. 



Exercises in Chapter X, Problem III. 

(1.) Find the square of l^^nl^^. 
^ ^ 16a; -10^^ 

(2.) Find the fourth power of ^^. 

Exercises m Chapter XI, Problem L 

(1.) Find the square root of 27*04caHk;^ 
(2.) The cube root of -216a^z^K 
(3.) The fourth root of 4096c^V. 
(4.) The square root of — 716abK 

(5.) The cube root of ^'. 

27ir« 

Exercises in Chapter XI, Problem n. 

(1.) Compute the square root of 16&^ — 24Jc+9c^. 

(2.) Of 64aV - dGa'xy + 144ay. 

(3,) Of 49a2 » l2Qah + 154ac + Slb^ -^ 198^ + 121c«. 

^ ^ a2 + 2a6 + 52 

(5.) Of |«2 _ a5 + ^^ 

Exercises in Chapter XII, Problem I. 

Supply the blank term in each of the following propor- 
tions : — 

(1.) Uc^ba : : : 2X00;^ : 27%2. 

(2.) 'da^-hSax : 3a^-Zax x\ \ \ax-V^. 
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X 


y h 


y 


X a 



(3.) 

(4.) 4a2 - 9^2 . 6a2 - 5a* - 6*^ : : M + 5ai - 65* : 



(5.) Two quantities are to each other as 5 to 6. If the 
former be 150a;, what will the latter be f 

(6.) -4, working alone, can do a piece of work in 28 
days, and B^ worHng alone, can do it in 21 days. How 
long will it take them working together ? 

(7.) Three pumps are occasionally employed for filling 
a certain reservoir with water. The first and second, when 
worked together, can fill the cistern in 70 minutes ; the 
first and third can fill it in 105 minutes ; and the second 
and third, in 140 minutes. In what time can the reservoir 
be filled by each of the three pumps, when worked alone ? 



Exercises in Chapter XTT, Problem II. 

(1.) Find a mean proportional between 49 and 64. 

(2.) Between 9a* and 2bh^. 

(3.) Between 4a2 + 12ab + %^ and 9«^ + 12ah + 4^2. 



Exercises in Chapter XIV, Problem I. 

(1.) Given a; -59 = 75. 

(2.) ... y + 48 = 94. 

(3.) ... 654-2r = 308. 

(4.) ... 286y = 2574. 

(5.) ... 93a; = 1441i. 

(6.) ... a; -^13 = 16. 

(7.) ... 64^^25 = 320. 

(8.) ... 123^ + 74 = 20^-26, 

(9.) ... ^-^a^nh. 
5 

,,^, 7a;-10 , 109-5x^ - 

('^•> - -23— ^-'^-^S-^^^ 

(11.) ... ^-^ + 0^ = 11. 
(12.) ... ^+?-|^=10. 

(13.) ... J-|'==l- 
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(14.) aiv„ i*i-i=9. 

(15.) ... fcj+5lji=|^2i. 

(16; 



(19.; 



5— a; 5 + a; 25 — a^ 

(18.) ... ^-H,i±Ji^g^o, 

^ ^ 2 3 9 



22-Sz 7e-dz _ ez-U 
6 14 ~ 21 



(20.) ... 5^zI^^^+^5=6a:-Z^lJ-lL 
^ '^ 2 8 6 

(21.) ... 9V18£c=108. 

(22.) ... 3V(15a; + 4) = 21. 

(23.) ... 2V(5y + ll) = V(25y-66). 

(24.) ... V{x + 5)wlx-6) = a;-l. 

(25.) ... V|+12 = V43^. 

(26.) ... V(3a; + 31).V(3a;-9) = 3a;4-3. 

(27.) ... i^=:^=Va:-2. 

(28.) ... y-17 : y+17 :: 1 : 2. 

/QQ \ X -\- u ^ ZL — •^ , , () , Q 1 

^ 3 2 ^ 

(30.) ... _^:— ^::a:^. 

(31.) ... V(a: + 5) : V(a?~2) :; f : i- 

(32.) ... a^-49 : a; :: 203 + 14 : 3. 

(33.) ... 5£c+3 : 9a;- 3 :: Ix-b : Sx + o, 



Exercises in Chapter XIV, Problem n. 



. (4a;+5y=128, 

(^•J — |2x + 3y= 72. 
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(S.) 
(4.) 
(5.) 

(6.) 

(7.) 

(8.) 

(9.) 

(10.) 

(11.) 



ALGEBRA. 



Given P^3^~4^= 76, 



('6i»-5;2? = 12, 

Six-- 2;? = 134, 
|5a;-ll«= 0. 

(16a?-3y = 32, 
■(20a;+63^ = 63. 

(Ix^ y= 71, 

(ap + 2y = ii2. 

(2^ + 3|y = 325, 
(3^ + 2|5^ = 305* 

iy-r« = 2i. 



... I 



(12.) 



(IS,) 



(14.) 



[X +z =19. 

7a;-9y _p 
-3 8, 

^'' + ^^=16. 

4 



J^~"^~3""^' 

4 6 ~4 

3x-\-4:Z 6x^2z 



30 40 

4a; — ;2f 2x — Zz 



= 81, 



= 70^1^. 



14 4 

llg-j^H-5 _ 4(y-2) _ 3(a;+y + 4)^ 

9 15 10 

« + 6..y-2 .. 71 . 24 



f28. 



ExEBCiSES IN Chapter XIY, Problem m. 



(1.) Given 



x-^y 

X-^-Z: 

\yJrZ 



5, 
6, 
8. 
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(2.) Given ^*a;— y— z= 5, 

(i^ + i^ + i^= 10, 
(3.) ... -l x-ir y^ z= 30, 

(2ir-f 35^ + 4:2^ = 100. 

(5a;-4y + 24f=-f 21, 
(4.) ... ^3a;+2y-2;2r=+17, 

(7a?-8^-64;=~89. 

(5.) ... ■^Ky+^)-i^=2i, 



Exercises in Chapter XV. 

1. What number is that which is as much short of 100 
as its double exceeds 100 ? 

2. Divide 34 into two parts which shall be to each 
other in the proportion of f to |. 

3. Two tradesmen began business with equal sums of 
money. The first gained £142, and the second lost £150. 
The first was then twice as rich as the second. What sum 
had each at the commencement ? 

4. Four persons engaged in a speculation requiring an 
outlay of £2400. Of that sum, A contributed twice as 
much as B^ and £10 more ; C7 contributed £20 less than A ; 
and D only two-thirds of C, What sums did they sepa- 
rately contribute ? 

5. Divide 100 into two such parts that 25 times the less 
may exceed 24 times the greater by 1. 

6. Two fields were purchased at £43 and £28 per acre 
respectively. Their united area was 12 acres, and their 
united price £411. What were the sizes of the fields 
separately ? 

7. Two Mends, living at Walton and Middleton, 24 
miles apart, agreed to meet on an angling excursion be- 
tween die two places. The one jfrom W^ton set out an 
hour after the other, but, having no encumbrance, got on 
at the rate of 4 miles an hour, — while his friend, having 
undertaken to bring fishing-tackle and provisions for both, 
could only proceed at three-fourths of that speed. At 
what point on the road did they meett 

8. Divide the number 100 inlo fo\xr «»\xOcl ^^ajc\se.^^^^ 
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first may be eqaal to half the second, but, greater than the 
third by 6, and less than the fourth by 1. 

9. Find two numbers such that their sum may be 19, 
and the difference of their squares 95. 

10. What two numbers are those whose sum exceeds 
their difference by 7, and whose difference exceeds the 
smaller of the two by two-thirds ? 

11. Half the difference of two numbers added to half 
the sum is 9B*5, and half the difference taken from half 
the sum is 77*4. What are the two numbers ? 

12. Two servants lived together 40 years in the service 
of the same master, and at the same wages, — viz., £12 per 
annum. The one spent 10 shillings less every year than 
the other, and found, at the end of the 40 years, that she 
had saved twice as much as her fellow-servant, and half- 
a-year's wages besides. What did they severally save in 
the year ? 

13. Two foolish young gentlemen began to play against 
each other with equal sums of money. After playing 12 
hours, and incurring 15 shillings eaich of expenses, the one 
remained with twice as much money as the other, having 
gained from him £15. What had each when they began ? 

14. On examining a meteorological table for a particu- 
lar locality, it was found that the whole fall of rain for the 
year was 22*8 inches, — ^that the quantity which fell in the 
first and last quarters together was just equal to that which 
fell in the second and third, — ^that the fall in the first 
quarter was two-thirds of that in the fourth, — and that 
the third exceeded the second by 2 inches. What were 
the depths of fall in the respective quarters ? 

15. A lady, going to purchase a carpet, found, that if 
she took the best quality in the shop, at 8 shillings the 
yard, it would take £1 more than the money she brought 
with her. She therefore contented herself with the second, 
at 7». 6d., and found that she had then £2 left. What 
did the carpet cost f 

16. Divide 100 into two such parts, that the excess of 
the first above 49, shall be to the excess of 49 above the 
second, as 12 to II. 

17. A boy bought 90 apples and pears for 28. 4d., hav- 
ing got 3 apples for a penny, and 7 pears for twopence. 
How many had he of each kind? 

18. The difference of two numbers is 40, and the differ- 
ence of their square roots 2. What are the numbers ? 

J P. Mr Johnson, Mr ThomBon, and Mi "^V^swiv^ \x^YCk%, 

90 



tNRESOLVED E^RCISES. 9^1 

one day in company, were requested to contribute to a 
charitable purpose. Mr Thomson said, that if Mr John-' 
son subscribed more than £60, he would give, for his sub- 
scription, three times as much as all that Mr Johnson's 
exceeded that sum ; while Mr Wilson offered to table four 
times as much as Mr Thomson's exceeded £50. On hear- 
ing this, Mr Johnson, resolving to strain the liberality of 
his friends, went to the utmost extent of his ability ; and 
Mrs Ellison, who requested their contributions, had the 
pleasure of departing with £730. What was Mr John- 
son's subscription ? 

20. A young sportsman returning unsuccessful from a 
day's shooting, and meeting his friend with six brace of 
black game, offered him his gun, shot-belt, and powder- 
flask for 5 brace ; or the gun and belt for 4 brace ; or the 
belt and powder-flask for 3 brace ; or the belt, flask, and 
6 guineas for the whole. What values did he put upon 
the different articles and the game ? 

21. Two brothers went from their house to the neigh- 
bouring town, taking different roads. The two roads were 
of equal lengths, but the one was over level ground and 
the other over a hill, — so that the elder brother, who tra- 
velled along the level road, went at the uniform rate of 3 
miles an hour ; while the younger could advance at only 
two-thirds of that rate for the first half of the way, think- 
ing to make up for it by doubling his speed the other half. 
It turned out, however, although he did double his speed, 
that he was ten minutes longer in reaching his destination. 
What was the distance of the house from the town ? 

22. A gentleman bought separately two contiguous 
fields, containing together 40 acres. Each of these cost 
as many pounds per acre as there were acres in the field ; 
and the prices of the two fields were in the proportion of 
4 to 9. What were the areas of the two fields ? 

23. A number, consisting of two digits, is reversed, and 
the reverse subtraxited from the original number. It is 
then found, that the remainder is less than half the given 
number by 6, but equal to three-fourths of the number 
reversed. Wbat is the number ? 

24. On making up the roll of an army after a battie, it 
was found that the number of effective men was only 714 
more than half the number before the battie. Of the 
number lost, the wounded were twice as many as tha ^Jiscisjl^ 
and the prisoners equal to one-tlm^oi ^Sl^'aX.xeaffliassR^ 
far immediate service, while tloL© nMGaV^et o^ ^vovssAfc^ ^s^" 

91 



92 ALGEBBA. 

ceeded the number of prisoners by 677. What was the 
original strength of the army ? 

25. Two railway trains were despatched from the same 
station, and in the same direction. The second started 
when the electric telegraph announced that the first was 
just leaving a station 80 miles in advance, and set out at 
such a speed that it went 5 miles to the other's 3. After 
continuing all the 30 miles at that rate, it diminished its 
speed. by 14 miles an hour, making its rate now to that of 
the train before it as 6 to 5. Suppose both should con- 
tinue afterwards at the same velocities, and have no stop- 
pages, how long would the second train be, after its first 
starting, before it overtook the first train ? 

26. A traveller set out from Edinburgh to London, a 
distance of 389 miles, — advancing, for the first hundred 
miles, at the rate of 7^ miles per hour, and for the remain- 
der at 8 miles. At the same time, another traveller set 
out from London to Edinburgh, — proceeding at the rate of 
10 miles per hour for the first hundred miles, and the rest 
of the way at 9 miles. Find at what distance from Lon- 
don they will meet. 



Exercises in Chapter XVI, Problem I, 

(1.) Given 9a;2-126 = 99. 

(2.) ... ?5?!+iiZ5_10a; = 100-7a:. 

(3.) ... 7j-7.+ 21=^. 

(4.) ... y^ : 5^-15 :: 5^-15 : 16. 
,. . 24;c-49 ,46_. 



Exercises in Chapter XVI, Problem II. 



(1.) Given aj2 + 10a; = 144. 
(2.) ... y^ -151/ + 65 = 1. 
(3.) ... 3a;2-18a: + 25 = 190. 

(4.) ... -_Lzll±l-^ 
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(5.) Given J -^=13. 



(6.) 

(7.) 
(8.) 

(9.) 

(10.) 

(11.) 

(12.) 
(13.) 
(14.) 
(15.) 
(16.) 



7x4-2 2a; + 4 12 4a;- 1 ^^ 
5 3 x'^ 15 ~ ' 

2y + 2 : 4y-10 :: 3^-9 : 3y + 6. 

. 4a;— 11 x—1 

4— x — = • 

2a;-3 3 
6a^ - 6x 3a;8 + 5x^ - 17a; - 26 



2 aj-1 

;g_2 ;g-4__119 

z^2 z + 4. 78' 
aj2-7a?-3 7a; . 2a;-3 



= -^47. 



a;-2 



16 



+ 



6=^0. 



16a;*-12a;« + 2 = 0. 
5aj»-120a;8- 405 = 0. 
aj8-10a;* = 96. 
i-12v'a;-45 = 0. 



Exercises m Chapter XVI, Problem in. 



(1.) Given 

(2.) . 

(3.) . 

(4.) . 

(5.) . 

(6.) . 

(7.) . 

(8.) . 



I 
{ 

{; 



8a;2_5^2 = 20, 
Qx^ - 3y» = 42. 
x—y : y : : 1 : 4, 
ay = 180. 

a? : a; — y : : 22 : 15, 

yz = 48. 

5aj2-7/ = 17t, 
4a;3-6j^2 3=il|. 

a;2^9y2__6a^_256, 
a;2 _ 9^2 - 352. 

a;2_^ay = 3276, 
03^+^2 = 5005. 
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(9.) Given l'^"''^"^' 

^^"•>' - (5a;y-5(a?-y) = 610. 

(\\\ (3a;-45r = 17, 

(12.) ... |y2^4.16y;y = 2486. 



Ex£BCiS£s IN Chapter XVII- 

1. What number is that which is less than one-tenth of 
its square by 7^ ? 

2. What number is that which exceeds the half of its 
square by f ? 

3. Divide 100 into two such parts, that the product of 
the whole by one of the parts shall be equal to die square 
of the other part. 

4. A horse-dealer bought a number of young horses at 
a feubr, all at the same price, for the sum of £1850. Of 
these he kept ten, and sold the remainder for £1306, 10s., 
making 2 guineas of profit on each of the horses sold. 
How many horses did he buy ? 

5. A tradesman computes that, during the time he has 
been in business, he has made £6300 of clear profit His 
neighbour, however, who has been 8 years shorter time in 
business, has made the same sum, owing to his clearing 
£27 per annum more. How long is it since the first com- 
menced business ? 

6. If we add 5 to the smaller of two numbers, and sub- 
tract it from the greater, the product of the sum and dif- 
ference will be 84 ; and if we add 8 to the smaller, and 
subtract it from the greater, the product of the sum and 
difierence will be 90. What are the numbers ? 

7. The express railway-train from ^ to jS, 850 miles 
apart, goes 10 miles per hour faster than the slow train, 
and reaches its destination 4 hours sooner. What are 
their respective rates ? 

8. Twenty-eight yards of cloth were purchased in two 
pieces, which differed both in quantity and in quality, and 
yet cost equal sums (viz., £9, 15s. a-piece), in consequence 
of each being accidentally rated at as many shillings per 
jard as there were yards in the other piece. What were 
the prices of the two pieces per yaidl 
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9. Divide 39 into three parts, sach that the difference 
of their differences may be 4, and the product of the least 
and greatest, 225. 

10. A wholesale shoemaker received an unexpected 
order for 990 pairs of shoes, to be finished by the end of 
the month. He found that, if these were divided equally 
among his men, each would have allotted to him 12 pairs 
more than he could get finished by the given time at his 
ordinary rate of working. He therefore engaged 54 more 
men, and got the work executed by the time specified. 
How many men had he at first ? 

11. A farmer, being asked how many sheep he had, 
replied, that he had 9 more than an exact number of scores, 
and that, if the square root of the number of sheep were 
subtracted from half the number of scores, the remainder 
would be 3. How many sheep had he 1 

12. Find three numbers, in the proportion of f, f , and 
^, such that the sum of the squares of the first and third 
shall be less than twice the square of the second by 584. 



Exercises in Chapter XVHI, Problem I. 

1. What is the eighth term of the arithmetical progres- 
sion 17, 32, 47, &c.f 

2. What is the eleventh term of the progression 25a, 
20a, 15a, &c.? 



Exercises in Chapter XVHI, Problem H. 

1. Sum the series 5a, 6a-f 35, 5a + 65, &c., to seven 
terms. 

2. How far would a person walk before he could pick 
up 100 pebbles, placed in a straight line, a yard apart, and 
bring them one by one to the place where he stood, which 
was in the same straight line and one yard from the first 
pebble in the row ? 



Exercises in Chapter XIX, Theorem. 



a 



1. In a geometrical progression the first term is -, the 

fifth I, and the sixth 1^. Wl[ial iB Vk^ XeoJOsi^ 
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2. The first term of a geometrical progression is 3a;, and 
the fifth term -—— . What is the ninth? 

3. What is the amount of £200, for 5 years, at 4 per 
cent, per annum, compound interest ? 



ExEBCisEs IN Chapter XIX, Problem I. 

1. The first term of a geometrical progression being 
*0016, and the common ratio 5a, what is the tenth term? 

2. The first term being — , and the common ratio - , 
what is the ninth term ? 



Exercises in Chapter XIX, Problem II. 

1. What is the sum of the geometrical progression x^ 
xy^ xy^^ , ajy*, supposing a? = 256, and ^ = 1^? 

2. A man laid by a farthing for his son when he was a 
year old, a halfpenny the year after, a penny the third 
year, and so on, — ^intending to continue doubling the sum 
every year till he came of age. If he did so, what would 
be the accumulated amount which the son would receive 
at the end of his 21st year ? 



end op part first. 
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